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Nonlinear (nonconvex) Optimization

minimize f(x)

subject to g;(z) >0, 1 =1,...,m

Objective function and constraints are polynomial functions.

Goal: Find Convex Relaxations of Nonlinear Optimization

Tools:
i) Measure (e.g. probability distribution) and Moments
ii) Semidefinite Programs (SDP)
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Nonlinear (nonconvex) Optimization

minimize  f(x)
T ERT]

subject to g;(z) >0, 1 =1,...,m

Tools: i) Measure and Moments ii) Semidefinite Programs

Step 1. Infinite-dimensional LP
Reformulate Nonlinear Optimization problem in terms of Probability Distributions (measures)

Step 2: Infinite-dimensional SDP
Reformulate Problem of Step 1 in terms of Moments (higher order statistics)

Step 3: Finite SDP
Truncate matrices of SDP of Step 2 (truncated moments)
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Nonlinear (nonconvex) Optimization

Nonlinear
minimize f (.CU) Optimization
CUER’”
subject to g;(z) >0, 1 =1,...,m
Tools: i) Measure and Moments ii) Semidefinite Programs

Step 1: Infinite-dimensional LP Fnﬁrﬁe
Reformulate Nonlinear Optimization problem in terms of Probability Distributions (measures)| Lp
Step 2: Infinite-dimensional SDP {y}
Reformulate Problem of Step 1 in terms of Moments (higher order statistics) In;'g:e
Step 3: Finite SDP ~ ~
Truncate matrices of SDP of Step 2 (truncated moments) Sbp
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Overview
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(1) Nonlinear Optimization:

e Decision variables: r € R"

e Lookfory € ()to minimize the p(fl?)

* Unconstrained Optimization () — R"
* Constrained Optimization Q =K = {r €¢ R" : g;(x) > 0, i = 1.....,m}

P* iminimi
minimize p(x)
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(1) Nonlinear Optimization:

e Decision variables: r € R"

e Lookfory € ()to minimize the p(fL‘)

* Unconstrained Optimization () — R"
* Constrained Optimization Q =K = {r €¢ R" : ¢;(x) > 0., i = 1....,m}

P* iminimi
minimize p(x)

1 Step 1

@ Optimization in terms of Probability distributions (measures):

* Decision variable: p’)"(ﬂ:‘) probability distribution of & (treat x as a random variable)

* Look for p?"(x) to minimize the E[p(x)]
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(1) Nonlinear Optimization:

e Decision variables: r € R"

e Lookfory € ()to minimize the p(fL‘)

* Unconstrained Optimization () — R"
* Constrained Optimization Q =K = {r €¢ R" : ¢;(x) > 0., i = 1....,m}

P* iminimi
minimize p(x)

1 Step 1

@ Optimization in terms of Probability distributions (measures):

* Decision variable: p’)"(ﬂ:‘) probability distribution of & (treat x as a random variable)

* Look for p?"(a’:) to minimize the E[p(x)]

minimize Elp(z)] = /p(:}:)pr(a:)dx

pr(x)Espace of probability distributions
defined on 2

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



(1) Nonlinear Optimization:

e Decision variables: r € R"

e Lookfory € ()to minimize the p(fL‘)

* Unconstrained Optimization () — R"

Optimal Solution: z«*

Optimal Objective: p(z™*)

* Constrained Optimization Q =K = {r €¢ R" : ¢;(x) > 0., i = 1....,m}

P* iminimi
minimize p(x)

1 Step 1

@ Optimization in terms of Probability distributions (measures):

* Decision variable: p’)"(ﬂ:‘) probability distribution of & (treat x as a random variable)

* Look for p?"(a’:) to minimize the E[p(x)]

minimize Elp(z)] = /p(:}:)pr(a:)dx

pr(x)Espace of probability distributions
defined on 2
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(1) Nonlinear Optimization:

e Decision variables: r € R"

e Lookfory € ()to minimize the p(fL‘)

* Unconstrained Optimization () — R"

Optimal Solution: z«*

Optimal Objective: p(z™*)

* Constrained Optimization Q =K = {r €¢ R" : ¢;(x) > 0., i = 1....,m}

P* iminimi
minimize p(x)

1 Step 1

@ Optimization in terms of Probability distributions (measures)

* Decision variable: p’r(a’:) probability distribution of 2 (treat x as

* Look for p?"(a’:) to minimize the E[p(x)]

minimize Elp(z)] = /p(:}:)pr(a:)dx

pr(x)Espace of probability distributions
defined on 2

Optimal Solution:

0.+: Dirac probability at x*

A

Optimal Objective:

Elp(z)] = [ p(2)d,~dx = p(x*)

Fall 2019
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(1) Nonlinear Optimization:

e Decision variables: r € R"

e Lookfory € ()to minimize the p(fL‘)

* Unconstrained Optimization () — R"
* Constrained Optimization Q =K = {r €¢ R" : ¢;(x) > 0., i = 1....,m}

> Nonlinear in x

Given x1,19 :

p(xy + x2) # p(r1) + p(x2)

P* iminimi
minimize p(x)

1 Step 1

@ Optimization in terms of Probability distributions (measures):

* Decision variable: p’)"(ﬂ:‘) probability distribution of & (treat x as a random variable)

* Look for p?"(a’:) to minimize the E[p(x)]

minimize Elp(z)] = /p(:}:)pr(a:)dx

pr(x)Espace of probability distributions
defined on 2
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(1) Nonlinear Optimization:

e Decision variables: r € R"

e Lookfory € ()to minimize the p(fL‘)

* Unconstrained Optimization () — R"
* Constrained Optimization Q =K ={z € R" : g;(z) >0, i =1,....,m}

pP* =
mlglerglze p(x)

> Nonlinear in x

Given x1,19 :

p(xy + x2) # p(r1) + p(x2)

1 Step 1

@ Optimization in terms of Probability distributions (measures) » Linear in pr(x)

* Decision variable: p’r(a’:) probability distribution of 2 (treat x as

* Look for p?"(a’:) to minimize the E[p(x)]

minimize Elp(z)] = /p(:}:)pr(a:)dx

pr(x)Espace of probability distributions
defined on 2

Given prq(x), pro(x) :

[ p(x) (pri(z) + pra(z)) de =

[ p(z)pri(x)de + [ p(x)pra(z)da

Fall 2019
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(1) Nonlinear Optimization:

e Decision variables: r € R"

e Lookfory € ()to minimize the p(fL‘)

* Unconstrained Optimization () — R"

Nonlinear Optimization

* Constrained Optimization Q =K = {r €¢ R" : ¢;(x) > 0., i = 1....,m}

P* iminimi
minimize p(x)

1 Step 1

@ Optimization in terms of Probability distributions (measures):

* Decision variable: p’)"(ﬂ:‘) probability distribution of & (treat x as a random variable)

* Look for p?"(a’:) to minimize the E[p(x)]

Linear Optimization

minimize Elp(z)] = /p(:}:)pr(a:)dx

pr(x)Espace of probability distributions
defined on 2
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(1) Nonlinear Optimization:

e Decision variables: r € R"

e Lookfory € ()to minimize the p(fL‘)

* Unconstrained Optimization () — R"
* Constrained Optimization Q =K = {r €¢ R" : ¢;(x) > 0., i = 1....,m}

Nonlinear Optimization

P* iminimi
minimize p(x)

1 Step 1

@ Optimization in terms of Probability distributions (measures):

* Decision variable: p’)"(ﬂ:‘) probability distribution of & (treat x as a random variable)

* Look for p?"(a’:) to minimize the E[p(x)]

Infinite dimensional LP

minimize Elp(z)] = /p(:}:)pr(a:)dx

pr(x)Espace of probability distributions
defined on 2
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@ Optimization in terms of Probability distributions (measures):

* Decision variable: p’r(a’:) probability distribution of
« Look for pr(x) to minimize the E[p(x)]

minimize Elp(z)] = /p(:}:)pr(a:)dx

pr(x)Espace of probability distributions
defined on 2

Step 2

@Optimization in terms of Moments
» Decision variable: moments: y, = E[z%] = [ 2%pr(z)dz

* Look for sequence of moments |y, v = 0, 1, ..., 00| to minimize the E[p(x)]
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@ Optimization in terms of Probability distributions (measures):

* Decision variable: p’r(a’:) probability distribution of
« Look for pr(x) to minimize the E[p(x)]

minimize Elp(z)] = /p(:}:)pr(a:)dx

pr(x)Espace of probability distributions
defined on 2

Step 2

@Optimization in terms of Moments
» Decision variable: moments: y, = E[z%] = [ 2%pr(z)dz
* Look for sequence of moments [Yq, @ = 0, 1, ..., 00] to minimize the E[p(z)]

minimize  Elp(x)] = /p(a:)pr(a:)da:

yEspace of moments

Fall 2019

MIT 16.5498: Risk Aware and Robust Nonlinear Planning



@ Optimization in terms of Probability distributions (measures):

e Decision variable: p?"(a’:) probability distribution of &

e Look for pr(x) to minimize the Elp(z)]

minimize Elp(z)] = /p(:}:)pr(:zz)dx

pr(x)Espace of probability distributions

defined on ()
{1 Step 2
@Optimization in terms of Moments
» Decision variable: moments: y, = E[z%] = [ 2%pr(z)dz
* Look for sequence of moments [yow o = 0 1, ... OO] to minimize the E[p(w)]

. . . // h
minimize  E[p(x)] = ﬁ\p(l,),pr Jdx = /ZPaJ/ pr(x)de = ZP&\[«L pr(x dl/'_ Zpayo:

yEspace of moments - U

polynomial

_ . ———

Moment of'order a

Fall 2019
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@ Optimization in terms of Probability distributions (measures):

* Decision variable: p’r(a’:) probability distribution of
« Look for pr(x) to minimize the E[p(x)]

minimize Elp(z)] = /p(:}:)pr(a:)dx

pr(x)Espace of probability distributions
defined on 2

Step 2

@Optimization in terms of Moments
» Decision variable: moments: y, = E[z%] = [ 2%pr(z)dz

* Look for sequence of moments |y, v = 0, 1, ..., 00| to minimize the E[p(x)]

mIinimize E DaYa —Linear objective in terms of moments
vector yEspace of moments

8%

Fall 2019
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@ Optimization in terms of Probability distributions (measures):

e Decision variable: pr () probability distribution of
* Look for p?"(az‘) to minimize the E[p(x)]

minimize Elp(z)] = /p(:}:)pr(:zz)dx

pr(x)Espace of probability distributions
defined on 2

Step 2

@Optimization in terms of Moments
» Decision variable: moments: y, = E[z%] = [ 2%pr(z)dz

* Look for sequence of moments |y, v = 0, 1, ..., 00| to minimize the E[p(x)]

e Relation between moments and probability distributions : LMI in terms of y

mIinimize E PalYa ——Linear objective in terms of moments
vector yEspace of moments

8%
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@ Optimization in terms of Probability distributions (measures):

e Decision variable: pr () probability distribution of
* Look for p?"(az‘) to minimize the E[p(x)]

minimize Elp(z)] = /p(:}:)pr(:zz)dx

pr(x)Espace of probability distributions
defined on 2

Step 2

@Optimization in terms of Moments
» Decision variable: moments: y, = E[z%] = [ 2%pr(z)dz

* Look for sequence of moments |y, v = 0, 1, ..., 00| to minimize the E[p(x)]

e Relation between moments and probability distributions : LMI in terms of y

Hi,?}%}}r”,,je E PalYa — Linear objective in terms of moments

(8%

subject to LMI(y)— y is moment vector of probability distribution

Fall 2019
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@ Optimization in terms of Probability distributions (measures):

e Decision variable: p?"(a’:) probability distribution of &

« Look for pr(x) to minimize the E[p(x)] Infinite dimensional
LP

minimize Elp(z)] = /p(:}:)pr(:zz)dx

pr(x)Espace of probability distributions
defined on 2

Step 2

@Optimization in terms of Moments

» Decision variable: moments: y, = E[z%] = [ 2%pr(z)dz
Infinite dimensional

* Look for sequence of moments |y, v = 0, 1, ..., 00] to minimize the E[p(z)] SDP

e Relation between moments and probability distributions : LMI in terms of y

Hi,?}%}}r”,,je E PalYa — Linear objective in terms of moments

(8%

subject to LMI(y)— y is moment vector of probability distribution
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@Optimization in terms of Moments

» Decision variable: moments: y, = E[z%] = [ 2%pr(z)dz

« Look for sequence of moments [Yq, ¢ = 0, 1,...,00]to minimize the E[p(z)]

* Relation between moments and probability distributions : LMI in terms of y SDP

Infinite dimensional

Hi,?}%}}r”,,je E PaYa — Linear objective in terms of moments

(8%

subject to LMI(y)—> y is moment vector of probability distribution

{1 Step 3
(4) Optimization in terms of Moments
* Decision variable: moments: y, = E|z fa? pr(x)dx, a=0,...,2d
* Look for sequence of moments|y,, o = 0, ..., 2d] to minimize the E[p(x)] SDP

e Truncate Matrices of SDP

UTNINIZE E PaYa — Linear objective in terms of moments
Yo ,a=0,...,2d
83

subject to LMI,(y)

Fall 2019
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@Optimization in terms of Moments

» Decision variable: moments: y, = E[z%] = [ 2%pr(z)dz, a =0, ...,2d

* Look for sequence of moments|y,,, @ = 0, ..., 2d] to minimize the Elp(x)]

SDP

e Truncate Matrices of SDP

INInmize E :paya — Linear objective in terms of moments
Yo ,a=0,...,2d
X

subject to LMI,(y)

e As we increase the number of the moments (d — o0), optimal value of the finite SDP converges to

the optimal value of the original optimization.

Fall 2019
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@Optimization in terms of Moments

* Decision variable: moments: y, = E[x

= [x%pr(z)dz, a =0,...,2d
, 2d] to minimize the Elp(z)] SDP

Look for sequence of moments|y,,, o« = 0,

Truncate Matrices of SDP

UTNINIZE E Pala — Linear objective in terms of moments

Yo ,a=0,...,2d
Qv

subject to LMI,(y)

As we increase the number of the moments (d — ), optimal value of the finite SDP converges to
the optimal value of the original optimization.

Extract the optimal solution of the original optimization, x*, from the optimal solution of the
finite SDP, [y, a = 0, ..., 2d|

Fall 2019
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1. Nonlinear Optimization:
P* =minimize p(x)

e Unconstrained Optimization ) — R" €l

e Constrained Optimization Q=K ={z € R":¢;(x) >0, i =1,....,m}

Nonlinear

Optimization

2. Optimization in terms of Probability Distributions:

minimize Elp(z)] = fp(:}:)pfr(w)dx

pr(x)Espace of probability distributions
defined on 2

Infinite dimensional

LP

minimize E Pala
Yo ,ao=0,...,2d
83

subject to LMI,(y)

3. Optimization in terms of Moments o
Hector g Zp o Yo Infinite dimensional
: SDP
subject to LMI(y)
4. Optimization in terms of Truncated Moments
SDP
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1. Nonlinear Optimization

$

2. Optimization in terms of Probability Distributions

Infinite dimensional
LP

3. Optimization in terms of Moments

Infinite dimensional
SDP

4. Optimization in termS of Truncated Moments

SDP

¥

Extract the optimal solution x*
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1. Nonlinear Optimization

$

2. Optimization in terms of Probability Distributions

LP
I
Theory of ‘ Infinite dimensional

Infinite dimensional

3. Optimization in terms of Moments SDP

Measure and Moments

4. Optimization in termS of Truncated Moments SDP

‘ I
Extract the optimal solution x*
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Topics

1) Overview of Measure and Moment based Optimization

3) Measure and Moment based Optimization
4) Examples and GloptiPoly Package

5) Proofs (Moment Conditions)
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Theory of Measure and Moments

» Probability distributions and Measures
» Moments
» Representing Measure of Moments
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Probability Space
Probability Space: (2,3, i)
1) () :Set of all possible outcomes, (Sample Space)

2) ), :Setof events (Borel 0 —algebra of 1)

* FEvent: a set of containing zero or more outcomes.

3) Probability measure: ft : > — [0 1]

For more information on “Borel 0 — algebra" and “Borel measure”: P. Cannarsa and T. D’Aprile “Lecture Notes on Measure Theory and Functional Analysis”
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Probability Space
Probability Space: (2,3, i)
1) () :Set of all possible outcomes, (Sample Space)

2) ), :Setof events (Borel 0 —algebra of 1)

* FEvent: a set of containing zero or more outcomes.

3) Probability measure: ft : > — [0 1]

Real-valued Function defined on a space of events ), . (Finite (nonnegative) Borel measure on Y )

For more information on “Borel 0 — algebra" and “Borel measure”: P. Cannarsa and T. D’Aprile “Lecture Notes on Measure Theory and Functional Analysis”
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Probability Space
Probability Space: (2,3, i)
1) () :Set of all possible outcomes, (Sample Space)

2) ), :Setof events (Borel o —algebra of 1)

* FEvent: a set of containing zero or more outcomes.

3) Probability measure: ft : > — [0 1]

Real-valued Function defined on a space of events ), . (Finite (nonnegative) Borel measure on Y )

Example: Given a random variable x with probability density function (pdf) pr(x):

Probability thatx € A pu(A) = [, prL:z_:)daz\e‘[O 1]

Probability Measure pdf
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Probability Space
Probability Space: (2,3, i)
1) () :Set of all possible outcomes, (Sample Space)

2) ), :Setof events (Borel o —algebra of 1)

* FEvent: a set of containing zero or more outcomes.

3) Probability measure: ft : > — [0 1]

Real-valued Function defined on a space of events ), . (Finite (nonnegative) Borel measure on Y )

Example: Given a random variable x with probability density function (pdf) pr(x):

Probability thatx € A pu(A) = [, prL:z_:)daz\e‘[O 1]

Probability Measure pdf

IO 1|> ¢ Probability measure, measures the size of the set with respect to pdf.

A> Probability
_l/ Measure
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Nonnegative Measure

» In general (honnegative) measure [t assigns nonnegative real numbers to sets.

p:2 — Ry (Nonnegativel) Measure {t: Y — [0 1] Probability measure

1: (Nonnegative) measure ;. : ¥ — R, Signed Measures /¢ : X — R
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Nonnegative Measure

» In general (honnegative) measure [t assigns nonnegative real numbers to sets.

e — Ry

(Nonnegative) Measure

p: Y — [0 1] Probability measure

Example: Lebesgue measure

tien(A) = [, da

* |t measure the size of set A with respect to density function 1.

e Examples:
» Lebesgue measureon R

puen([—1,1]) = f[_u] dx = 2 (Length)
> Lebesgue measure on R?
e ([—1, 1] jf 112 , dridry = 4 (Area)
> Lebesgue measure on R
ey ([—1,1]° fff[ 11 dridradrs =8 (Volume)

Probability measure

(A prr' )dx

Probability Measure

* |t measure the size of set A with respect to
probability density function.

* Probabilityof x € A

i e pdf satisfies [ pr(x)dx =1

Fall 2019
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Nonnegative Measure

(Nonnegative) measure [/ . > — R_|_ M(A fA dp = fA

Nonnegatlve Measure denS|ty function of u
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Nonnegative Measure

(Nonnegative) measure [/ . > — R_|_ M(A IA dp = fA

Nonnegatlve Measure denS|ty function of u

Parameters of a Measure 1) Density Function 2) Support Set 3) Moments
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Nonnegative Measure

(Nonnegative) measure [/ . > — R+ M(A fA dp = fA

Nonnegatlve Measure denS|ty function of u

Parameters of a Measure 1) Density Function 2) Support Set 3) Moments

Support of a measure (supp)
A measure [ is said to be concentrated on a set ”S” if M(SC) =0

/

» Smallest Closed Set S: support of M complement set
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Nonnegative Measure

(Nonnegative) measure [/ . > — R+ M(A IA dp = fA

Nonnegatlve Measure denS|ty function of u

Parameters of a Measure 1) Density Function 2) Support Set 3) Moments

Support of a measure (supp)
A measure [ is said to be concentrated on a set ”S” if M(SC) =0

/

» Smallest Closed Set S: support of M complement set

Example: Uniform probability distribution Example: Normal probability distribution

tpdf
supp(Ula b]) = [ab]

R — pdf
b—a Support of uniform probability distribution on [a, b] n A

a b % — =

v

e Support of a probability measure is called uncertainty set.
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Nonnegative Measure

(Nonnegative) measure [/ . > — R+ M(A IA dp = fA

Nonnegatlve Measure denS|ty function of u

Parameters of a Measure 1) Density Function 2) Support Set 3) Moments

Support of a measure (supp)
A measure [ is said to be concentrated on a set ”S” if M(SC) =0

/

» Smallest Closed Set S: support of M complement set

Example: Uniform probability distribution Example: Normal probability distribution

tpdf
supp(Ula b]) = [ab]

R — pdf
b—a Support of uniform probability distribution on [a, b] ﬂ Asupp(N(O,l)) =R

a b % . 4

e Support of a probability measure is called uncertainty set.
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1. Nonlinear Optimization " C. .
P* =minimize p(z)
xe)

* Unconstrained Optimization () =R"
* Constrained Optimization ) = K ={x € R" : g;(x) >0, i = 1,...,m}

P} =minimize E,[p(x)] =

2. Optimization in Measure Space
p(x)d
g pEM(Q) /p( )

Probability Measure

A\ 4

subject to / dp =1
Q

M(Q) : space of measures supported on (2

Fall 2019
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Moments of a Measure
Given (a1, ...,a), a; €N, a=>" «;

> moment of order o of a measure Xin [R"is defined as

= E, = [2%dp = [ z5? . a0 du
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Moments of a Measure

Given (g, .., ), a; EN, a=>1" o

> moment of order o of a measure Xin [R"is defined as

Yo = B, (2% = [2%dp = [ 27 25?. abrdu

Example: Measure it in R

e 1-st moment (mean): - Y1 = Eu ;17 — fﬂ:‘dp,

e 2-nd moment: > Yo = Eu a:‘2 - f:r:zd;u

e 0-moment: (volume of measure): Yo = E“ [:EO] — f d

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Moments of a Measure

Given (g, .., ), a; EN, a=>1" o

> moment of order o of a measure Xin [R"is defined as

Yo = B, (2% = [2%dp = [ 27 25?. abrdu

Example: Measure it in R

e 1-st moment (mean): - Y1 = Eu ;17 — fﬂ:‘dp,

e 2-nd moment: > Yo = Eu a:‘2 - f:r:zd;u |

e 0-moment: (volume of measure): Yo = E“ [:EO] — f d
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Moments of a Measure

Given (g, .., ), a; EN, a=>1" o

> moment of order o of a measure Xin [R"is defined as

Yo = B, (2% = [2%dp = [ 27 25?. abrdu

Example: Measure it in R

e 1-st moment (mean): - Y1 = Eu ;17 — fﬂ:‘dp,

e 2-nd moment: > Yo = Eu a:‘ - f:r:zd;u
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Moments of a Measure

Given (g, .., ), a; EN, a=>1" o

> moment of order o of a measure Xin [R"is defined as

Yo = B, (2% = [2%dp = [ 27 25?. abrdu

Example: Measure [t in R2
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Moments of a Measure

Given (g, .., ), a; EN, a=>1" o

> moment of order o of a measure Xin [R"is defined as

Yo = B, (2% = [2%dp = [ 27 25?. abrdu

Example: Measure [t in R2

e 1-st moments (mean): > Y10 = E[$1] — fxldp, Yyo1 — E[$2] — fxgdp,
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Moments of a Measure

Given (g, .., ), a; EN, a=>1" o

> moment of order o of a measure Xin [R"is defined as

Yo = B, (2% = [2%dp = [ 27 25?. abrdu

Example: Measure [t in R2

e 1-st moments (mean): > Y10 = E[ml] — fxld,u, Yyo1 — E[$2] — fﬁl’fzdﬂ

e 2-nd moments:

Yoo = Elxt] = [ x%dp y11 = E[z12o] = [212odp o2 = Elag] = [ 23du

e a order moments: » Vector of Expected values of all the monomials of order a
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Moments of a Measure

Given (g, .., ), a; EN, a=>1" o

> moment of order o of a measure Xin [R"is defined as

Yo = B, (2% = [2%dp = [ 27 25?. abrdu

Example: Measure [t in R2

e 1-st moments (mean): > Y10 = E[ml] — fxld,u Yyo1 — E[$2] — fﬁl’fzdﬂ

e 2-nd moments:

Yoo = Elxt] = [ x%dp y11 = E[z12o] = [212odp o2 = Elag] = [ 23du

Vector of Expected values of all the monomials of order a

\ 4

e a order moments:

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Example: Probability Distributions and Moments

Uniform Probability Distribution U[a, b]

Apdf - 1

— T € |a,b]

i—a i pr(z) = |
| - 0 otherwise
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Example: Probability Distributions and Moments

Uniform Probability Distribution U[a, b]

Apdf - 1

; — T € |a,b]

- 0 otherwise

b gga+1 rT=
Yo =E[2°] = [2%dp = [2°pr(z)de = [} 2° 7 ode = Lo o=t

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Example: Probability Distributions and Moments

Uniform Probability Distribution U[a, b]

Apdf - 1

; — T € |a,b]

- 0 otherwise

Yo = E[z%] = [2%dp = [ x%pr(z)ds = fa, x® biad'x - bia ot lo—a
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Example: Probability Distributions and Moments

Beta Distribution Beta(a, b)

i VN o
N ANEE= i X1 = x)xh )
TN pat pr(¥) = =@ by Beta(4,4)
- b/ \\ 0.4
: -\
| ['(a)l'(b
ol B(a,b) = F((a)—-l—(b)) .| III
0, b
a+a—1 .
Ya_a+b+a_1Ya—1r Yo=

Dirac distribution -

A 5$*
vy = E[x%] = [ x*6,+dx = x*¢
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Example: Probability Distributions and Moments

Beta Distribution Beta(a, b)

i VN o
di >/\ Nii= df XN - .
TN pat pr(¥) = =@ by Beta(4,4)
- 1}/ \\ 04
f \
| I'(a)T'(b
os \ B(a’ b) = % 02k II
S ol I.I--_______._ ______
0 5 10 15 20
a+a-—1 _q
Ya_a+b+a_1Ya—1r Yo=
Dirac distribution 6,
A 5$*
Vo = E[x%] = [ x*8,-dx = x*“ y; = E[x'] = x*
:L'*

» By looking at the first moment of a Dirac measure, we can extract the optimal solution x*
MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019




Representing Measure of Moments
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1. Nonlinear Optimization

2. Optimization in terms of Probability Distributions Infinite dimensional

N\ P
NS

Relation between
Measure and Moments

. Infinite dimensional
3. Optimization in terms of Moments SDP

4. Optimization in termS of Truncated Moments SDP

l |
Extract the optimal solution x*
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Representing Measure

* Instead of working with measure, we want to work with its moment sequence.
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Representing Measure
* Instead of working with measure, we want to work with its moment sequence.

A measure tis said to be a representing measure of a real sequencey = [y,,a =0, ..., d|
If
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Representing Measure
* Instead of working with measure, we want to work with its moment sequence.

e A measure Uis said to be a representing measure of a real sequencey = |y,,a =0, ..., d|
If sequence ¥ is the moments sequence of the measure u ,i.e.,y, = E, |z
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Representing Measure
 Instead of working with measure, we want to work with its moment sequence.

e A measure Uis said to be a representing measure of a real sequencey = |y,,a =0, ..., d|

If sequence ¥ is the moments sequence of the measure u ,i.e.,y, = E, |z
[ ]

> Measure /i represents the sequence ¥ = [Ya,® = 0, ...,d] in the measure space.

> Sequence y = |y, = 0, ...,d] represents measure / in the moment space.
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Representing Measure

Instead of working with measure, we want to work with its moment sequence.

e A measure Uis said to be a representing measure of a real sequencey = |y,,a =0, ..., d|

If sequence ¥ is the moments sequence of the measure u ,i.e.,y, = E, |z
[ ]

> Measure 1t represents the sequence ¥ = [Ya, @ = 0, ...,d] in the measure space.

> Sequence y = [y, = 0, ...,d] represents measure / in the moment space.

1) Can we uniquely represent a measure by the (infinite) sequence of its moments?
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Representing Measure

Instead of working with measure, we want to work with its moment sequence.

e A measure Uis said to be a representing measure of a real sequencey = |y,,a =0, ..., d|

If sequence ¥ is the moments sequence of the measure u ,i.e.,y, = E, |z
[ ]

> Measure 1t represents the sequence ¥ = [Ya, @ = 0, ...,d] in the measure space.

> Sequence y = [y, = 0, ...,d] represents measure / in the moment space.

1) Can we uniquely represent a measure by the (infinite) sequence of its moments?

Can we find measures with the same moments sequence ?
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Representing Measure
* Instead of working with measure, we want to work with its moment sequence.

e A measure Uis said to be a representing measure of a real sequencey = |y,,a =0, ..., d|

If sequence ¥ is the moments sequence of the measure u ,i.e.,y, = E, |z
[ ]

> Measure 1t represents the sequence ¥ = [Ya, @ = 0, ...,d] in the measure space.

> Sequence y = [y, = 0, ...,d] represents measure / in the moment space.

1) Can we uniquely represent a measure by the (infinite) sequence of its moments?

Can we find measures with the same moments sequence ?

2) Does every sequence ¥ have a representing measure |t ?
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Representing Measure

1) Can we uniquely represent a measure by the (infinite) sequence of its moments?

Can we find measures with the same moments sequence ?

e Chapter 3: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
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Representing Measure

1) Can we uniquely represent a measure by the (infinite) sequence of its moments?

Can we find measures with the same moments sequence ?

Example:

The following 2 measure have the same moment sequence:

N In ( ).

= ex if £ >0
_ V2 L pdf of “Log-Normal” distribution
pr(z) =

0 otherwise

—

pro(x) = pr(x)|[l + asin(27ln(x))]

e Chapter 3: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019




Representing Measure

1) Can we uniquely represent a measure by the (infinite) sequence of its moments?

Can we find measures with the same moments sequence ?

» A measure supported on a compact set is uniquely determined by the (infinite) sequence
of its moments.

e Chapter 3: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
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Representing Measure

1) Can we uniquely represent a measure by the (infinite) sequence of its moments?

Can we find measures with the same moments sequence ?

» A measure supported on a compact set is uniquely determined by the (infinite) sequence
of its moments.

* In this case representing measure of the moment sequence is unique.

 This unique Measure is said to be determinate (determined by its moments)

e Chapter 3: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
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Representing Measure

2) Does every sequence y have a representing measure I ?
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Representing Measure

2) Does every sequence y have a representing measure I ?

Example
Does sequence ¥ = [1,0.5, 0.2 have a representing measure ?
A

[ |
py yo =1, y1 = 0.9, y2 = 0.2
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Representing Measure

2) Does every sequence y have a representing measure I ?

Example
Does sequence ¥ = [1,0.5, 0.2 have a representing measure ?
A

[ |
py yo =1, y1 = 0.9, y2 = 0.2

var = E(z — E[2])?) > 00> var = E[(z — E[2])?] = y2 — y} > 0
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Representing Measure

2) Does every sequence vy have a representing measure I ?

Example
Does sequence ¥ = [1,0.5, 0.2 have a representing measure ?
A

[ |
py yo =1, y1 = 0.9, y2 = 0.2

var = E(z — E[2])?) > 00> var = E[(z — E[2])?] = y2 — y} > 0

y = |1, 0.5, 0.2] does not satisfy this condition; Hence it does not have a representing measure.
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Representing Measure
2) Does every sequence ¥y have a representing measure K 7?

» Given an arbitrary sequence ¥, there might not be any representing measure u
( all of whose moments coincide with the v).

» Not every sequence ¥ has a representing measure [i.

» What are the constraints for sequence y to have a representing measures ?
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Representing Measure
2) Does every sequence ¥y have a representing measure K 7?

» Given an arbitrary sequence ¥, there might not be any representing measure u
( all of whose moments coincide with the v).

» Not every sequence ¥ has a representing measure [i.

» What are the constraints for sequence y to have a representing measures ?

Example: LMI Condition on the moments up to order 2 (probability measure)

1 yl]>0

var = El(z —Elz]))] =y2 —yi >0 == [yl Y2
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Representing Measure
2) Does every sequence ¥y have a representing measure K 7?

» Given an arbitrary sequence ¥, there might not be any representing measure u
( all of whose moments coincide with the v).

» Not every sequence ¥ has a representing measure [i.

» What are the constraints for sequence y to have a representing measures ?

Example: LMI Condition on the moments up to order 2 (probability measure)

1 yl]>0

var = El(z —Elz]))] =y2 —yi >0 == [yl Y2

» Moments of a measure should satisfy Linear Matrix Inequalities in terms of
i) Moment Matrix ii) Localizing Matrix
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Representing Measure

» Moments of a measure should satisfy Linear Matrix Inequalities in terms of
i) Moment Matrix i) localizing Matrix

e Moment Matrix to characterize moments of measure t in [R"

e Moment and Localizing Matrix to characterize moments of measure [Lon compact set K
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1. Nonlinear Optimization " C.
P =minimize p(x)
Tre

* Unconstrained Optimization () =R"
* Constrained Optimization ) = K ={x € R" : g;(x) >0, i = 1,..., m}

P’ =minimize E,[p(x)] =

2. Optimization in Measure Space
p(x)d
p =iz /p( )dp

Probability Measure

v

subject to / dp =1
Q

M(Q) : space of measures supported on ()

3. Optimization in Moment Space

Y

P . =minimize E,[p(x)] = /p(z;)d,u = Zpaya

subject to yop = 1 > Probability Measure

y is moment vector of probability distribution «— Moment Matrix (y) > 0 Localizing Matrix (g?;y) = ()

Fall 2019
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Moment Matrix

Moment Matrix associated with a sequence of moments up to order 2d is the real symmetric square
matrix:

Moment Matrix of order d: My (y) = E,[Ba(x)BY ()]

e B, (x): vector of monomial up to order d
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Moment Matrix

Moment Matrix associated with a sequence of moments up to order 2d is the real symmetric square
matrix:

Moment Matrix of order d: My (y) = E,[Ba(x)BY ()]

e B, (x): vector of monomial up to order d

Example: Moment matrix of order d = 2 of a measure in R

1 1 L x Yo Y1 Y2
By(z) = |24 M, (y) = E[B2(x)B3 ()] = E, [ | 21 [1 T mﬂ] =E,[|x1 21 a}|F|vi v y3
22 Ed 27 x) ot (v vz w4l

vector of monomials up to order d=2
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Moment Matrix

Moment Matrix associated with a sequence of moments up to order 2d is the real symmetric square
matrix:

Moment Matrix of order d: My (y) = E,[Ba(x)BY ()]

e B, (x): vector of monomial up to order d

Example: Moment matrix of order d = 2 of a measure in R

1 1 L x Yo Y1 Y2
By(z) = |24 M, (y) = E[B2(x)B3 ()] = E, [ | 21 [1 T mﬂ] =E,[|x1 21 a}|F|vi v y3
22 Ed 27 x) ot (v vz w4l

vector of monomials up to order d=2
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Moment Matrix

Moment Matrix associated with a sequence of moments up to order 2d is the real symmetric square
matrix:

Moment Matrix of order d: My (y) = E,[Ba(x)BY ()]

e B, (x): vector of monomial up to order d

Example: Moment matrix of order d = 2 of a measure in R

(1] 1 Lox Yo Y1 Y2
By(z) = |24 M, (y) = E[B2(x)B3 ()] = E, [ | 21 [1 T mﬂ] =E,[|x1 21 a}|F|vi v y3
22 Ed 27 x) ot (v vz w4l

vector of monomials up to order d=2

|
> Size of the moment matrixoforderd:  Sn.a X Sna: Sna= (nj[d) = (?ﬁ)
» Number of the moments Sn2d: Sn2d= (n:,zd) = %
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Example:

Moment Matrix of moments up to order d=2 of a Measure in R?

1
T
) — NRT (] — L2 2 211
Ma(y) = Bu[Bo(a) BY ()] = Bu[| 73 | [1 21 w0 23 awwe a3]] =
oJl
122
f02
| L2 ]
1 v wy X7 xTix2 T3 Yoo Yo Yo1 Y20 Vi1 Yoz
2 : 2 2
I Ly L1T2 x‘f Iixo T1T5 Yor Y20 Y11 Y30 Y21 Y12
2 2 2 3
_E L2 Lo I Loy T1T9 Lo ]_y01 Y11 Yo2 Y21 Yi2 Yos
et a) afme xl atas aiad Y20 Yso Y21 Ya0 Y31 Y22
2 2 : 2.2 :
1Ty Xixo  T1T5 XTI TIT5 1T Yii Y21 Yiz Ys1 Y22 Vi3
2 2 e RS 22 4 . . , , , .
| 75 T51 T5 T5r] T1x5 To | | Yo2 Y12 Yo3 Y22 Y13 Yo4 |
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Example:

Moment Matrix of moments up to order d=2 of a Measure in R?

1
L1
Y ART (2] — L2 2 271 _
My (y) = Bu[Bo(2)BE ()] = E,[| 75 | [1 a1 w0 2 aizs a3]] =
oJl
L1X2
J,% Moments of
) ) order 1
_ - - I - e _ S "
1 X1 X2 ry  x1T2 I Yoo i Y10 Yo1 Y20 Y11 Yo2
5 3 5 5 R e A A
T L1 L1X2 Ly Lir2 T1x5 Y1o: Y20 Y11 Y30 Y21 Y1z
2 2 2 3 fy : :
_E L2 L2 Ly X2dy L1Ly Lo ]_;ym; Y11 Yoz Y21 Y12 Yoz
- 2 s 2 4 S 2.2 sttt P e L R
N L1 riTz2  Xq L1T2 X1y Y20: Y30 Y21 Y40 Y31 Y22
L1L2  TiL2 L1Ly TyL2  TiLy Ty Y11 Y21 Y12 EYs1 o Y22 Y1l
2 o/ 3 22 e 3 ot N . L y D i
x5 xRy Xy T[] XXy Ty _yfz Y12 I Yoz Y22 Y13 f04;_
Moments of Moments of Moments of
order 2 order 3 order 4
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Example:

Moment Matrix of moments up to order d=2 of a Measure in R?

1
I
Y ART ()] — L2 2 271 _
Mos(y) = E,[B2(x)B; ()] = E, | 22 1w w2 wmzy 23] =
T1T2
J,% Moments of
order 1
— 1 /I’ I (I.2 /I’ - 2 = — Fusssssmnnnnn ety E ssmmmm -: --------------- -
T 2 L7 L1T2 Lo Yoo : Yioll)Yo1r :Yy20&8)Y11  Yo2
2 3 2 2 messsss EEEEEEEEEEEREEEEEEEEEEE .....................................................:
T I T1T2 T T1T2 XT1T5 mﬁ 920@3111 930@3/21 Y12
2 2 2 3 :
_E ) Lo I Loy T1T9 Lo ]_; Y11~Yo2 Y21~"Y12 Yo3
- 2 RS 2 e 4 S 2.2 B raa T T P L L R LR R EE
S vy xjry a7  xiT2  X1T5 :@o; W30S 940@%1 o>
2 2 3 2.2 3 :
1o T{T2 XT1T5 XTyT2 T{Ty; T1T9 © Y21 Y12 Y31 Y22 Y13
2 2 3 2.2 3 A : ,
| Ty X3T Ly XX L1y Ty ny; 9121903 Y22 Y13 f04__
Moments of Moments of Moments of
order 2 order 3 order 4
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Moment Condition

Moments of every nonnegative measure [ in [R"satisfies :

(PSD)

Fall 2019
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Moment Condition

Moments of every nonnegative measure [ in [R"satisfies :

My(y) =0, Vd (PSD)

» Moment condition relies on the information of all the moments, i.e., M (y) = 0O
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Moment Condition

Moments of every nonnegative measure [ in [R"satisfies :

My(y) =0, Vd (PSD)

» Moment condition relies on the information of all the moments, i.e., M (y) = 0O

> Not every sequence y that satisfies M ;(y) »= 0, Vd, has a representing measure [l in R™

L, y:moments lf i ::>Md(y) =0, Vd
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Moment Condition

Moments of every nonnegative measure [ in [R"satisfies :

My(y) =0, Vd (PSD)

» Moment condition relies on the information of all the moments, i.e., M (y) = 0O

> Not every sequence y that satisfies M ;(y) »= 0, Vd, has a representing measure [l in R™

|
L, y:moments lf i ::>Md(y) =0, Vd

e |tissimilar to SOS condition. Not every nonnegative polynomial has a SOS representation.
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Localizing Matrix

Localizing matrix associated with a sequence of moments up to order 2d and a polynomial ¢(x) € R[z]
is the real symmetric square matrix:

Localizing Matrix: Mgy_q,(9y) = E,lg(v)Bg—a, (Zl?)Bg_dg ()]

' d : d
. Bd_dg : vector of monomial up to order d — dg « dy = [@]the smallest integer larger than eg(zg(x))
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Localizing Matrix

Localizing matrix associated with a sequence of moments up to order 2d and a polynomial ¢(x) € R[z]
is the real symmetric square matrix:

Localizing Matrix: Mgy_q,(9y) = E,lg(v)Bg—a, (:U)Bg_dg ()]

' d : d
. Bd_dg : vector of monomial up to order d — dg .« d, = [@]the smallest integer larger than eg(zg(x))

»>My_q, (gy) : requires the moments up to order 2d because deg (g(x)Bd_dg (#)By_4, (:z:)) < 2d
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Localizing Matrix

Localizing matrix associated with a sequence of moments up to order 2d and a polynomial ¢(x) € R[z]
is the real symmetric square matrix:

Localizing Matrix: Mgy_q,(9y) = E,lg(v)Bg—a, (a:)Bg_dg ()]

' d : d
. Bd_dg : vector of monomial up to order d — dg ¢« d, = [@]the smallest integer larger than eg(zg(x))

»>My_q, (gy) : requires the moments up to order 2d because deg (g(x)Bd_dQ (#)By_4, (:z:)) < 2d

deg (9(x)Buca,(¥)Ba-a,()) = 2(d — dg) + deg(g(x)) = 2d — 2 [deg(g(x))] + deg(9(0) :{Zd if deg(g(x)):even

2d — 1 ifdeg(g(x)):o0dd
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Localizing Matrix

Localizing matrix associated with a sequence of moments up to order 2d and a polynomial ¢(x) € R[z]
is the real symmetric square matrix:

Localizing Matrix: Mgy_q,(9y) = E,lg(v)Bg—a, (a:)Bg_dg ()]

' d : d
. Bd_dg : vector of monomial up to order d — dg ¢« d, = [@]the smallest integer larger than eg(zg(x))

Example: Localizing matrix for moments up to order 4 of a Measure [t in [R? and polynomial g(x) = a — x? — x2
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Localizing Matrix

Localizing matrix associated with a sequence of moments up to order 2d and a polynomial ¢(x) € R[z]
is the real symmetric square matrix:

Localizing Matrix: Mgy_q,(9y) = E,lg(v)Bg—a, (a:)Bg_dg ()]

' d : d
. Bd_dg : vector of monomial up to order d — dg ¢« d, = [@]the smallest integer larger than eg(zg(x))

Example: Localizing matrix for moments up to order 4 of a Measure 4 in R? and polynomial g(x) = a — x? — x2
»d—dy =4/2-2/2=1
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Localizing Matrix

Localizing matrix associated with a sequence of moments up to order 2d and a polynomial ¢(x) € R[z]
is the real symmetric square matrix:

. . _ T
Localizing Matrix: Mgy_q,(9y) = E,lg(v)Bg—a, (:E‘)Bd_dg ()]
. deg(g(x) ) de X
* Bg-_gq, : vector of monomial up to order d — d ¢« dy = [%]the smallest integer larger than %())
Example: Localizing matrix for moments up to order 4 of a Measure [t in [R? and polynomial g(x) = a — x? — x2
< —
»d—dy, =4/2-2/2=1 «—
. 1 Lo gz)  gl@)z  gla)rz |
M (gy) = Elg(x) Bi(x) By (x)] = Elg(x) |21 [1 ) 95’2“ =Elg(z) |21 27 33'11;5‘2 | = E[|g(z)x; g(x)x? g(x)z122]|]
T9 Ty T1T2 Lo g(x)rs  g(z)Ti2: 9($)$%
a— % — a3 ar; — v} — x5 ary — rox3 — T ayoo — Y20 — Yo2 AaYio — Y30 — Y12 aYo1 — Y21 — Yo3
= E[|ax, — a7 - rlfrg ary — r? — 2213 o aryry — T{’qz —xy | = |GY10 — Y30 — Y12 Y20 — Y40 — Y22 AY11 — Y31 — Y13
ary — ':I:sz'f — :L"S axr1Ty — .’I»“f:rrz — mx% a:r:% — xﬁxf — Jfé ayor — Y21 — Yoz ayii — Y31 — Y13  QYo2 — Y22 — Yo4
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Necessary and Sufficient Moment Condition

letset K={x € R": g;(x) >0, i =1,...,m}be Archimedean .1

Sequence Y has a representing measure with support contained in the set K, if and only if, it satisfies:

Md(y) = Oa Vd Md—dgi (gzy) = 03 1= 17 ey 10, Vd

Moment Matrix Localizing Matrix

e Chapter 3: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
1: e.g., Compact set that includes M — ||x||> > 0,M > 0
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Necessary and Sufficient Moment Condition

letset K={x € R": g;(x) >0, i =1,...,m}be Archimedean .1

Sequence Y has a representing measure with support contained in the set K, if and only if, it satisfies:

Md(y) =0, Vd Md—dgi. (gzy) =0, 1=1,..,m, Vd

Moment Matrix Localizing Matrix

» This condition relies on the information of all the moments, i.e., M. (y) =0, M. (g;y) = 0. i = 1,..,m.

e Chapter 3: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
1: e.g., Compact set that includes M — ||x||> > 0,M > 0
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Necessary and Sufficient Moment Condition

letset K={x € R": g;(x) >0, i =1,...,m}be Archimedean .1

Sequence Y has a representing measure with support contained in the set K, if and only if, it satisfies:

Md(y) =0, Vd Md—dgi. (gzy) =0, 1=1,..,m, Vd

Moment Matrix Localizing Matrix

» This condition relies on the information of all the moments, i.e., M. (y) =0, M. (g;y) = 0. i = 1,..,m.

» This is Necessary and Sufficient Condition

p, supp(p) C K Ma(y) = 0, Vd
y:moments My(giy) =0, Vd, i=1,..,m.

e Chapter 3: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
1: e.g., Compact set that includes M — ||x||> > 0,M > 0
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1. Nonlinear Optimization " C.
P =minimize p(x)
Tre

* Unconstrained Optimization () =R"
* Constrained Optimization ) = K ={x € R" : g;(x) >0, i = 1,..., m}

P’ =minimize E,[p(x)] =

2. Optimization in Measure Space
p(x)d
p =iz /p( )dp

Probability Measure

v

subject to / dp =1
Q

M(Q) : space of nonnegative measures on (2

3. Optimization in Moment Space
P . =minimize E,[p(x)] = /p(z;)d,u = Zpaya
(@

Y

> Probability Measure

subject to yg = 1

y is moment vector of probability distribution «— Moment Matrix (y) > 0 Localizing Matrix (g?;y) = ()
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1. Nonlinear Optimization " C.
P =minimize p(x)
Tre

* Unconstrained Optimization () =R"
* Constrained Optimization ) = K ={x € R" : g;(x) >0, i = 1,..., m}

P’ =minimize E,[p(x)] =

2. Optimization in Measure Space
p(x)d
p =iz /p( )dp

Probability Measure

v

subject to / dp =1
Q

M(Q) : space of nonnegative measures on (2

3. Optimization in Moment Space
P . =minimize E,[p(x)] = /p(z;)d,u = Zpaya
(@

Y

> Probability Measure

subject to yg = 1

y is moment vector of probability distribution«— My (y) =0 My (giy) =0, i=1,..,m

Fall 2019
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Dirac Measure

» Optimal solutions in measure space are Dirac measures.

* Proof of Theorems 5.5, 5.7,1.1: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization
Series, V. 1, 2009.
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Dirac Measure

» Optimal solutions in measure space are Dirac measures.

»rt e K, p(x*) = pP* :Unique global optimal solution of the original problem. 1 0+

>t = O :Optimal solution of optimization in measures.

* Proof of Theorems 5.5, 5.7,1.1: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization
Series, V. 1, 2009.
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Dirac Measure

» Optimal solutions in measure space are Dirac measures.

»rt e K, p(x*) = pP* :Unique global optimal solution of the original problem. 1 0+

> = O :Optimal solution of optimization in measures.

Py, = Eu[p(2)] = [ p()ds-do = p(a*) =P* > P* =P P

* Proof of Theorems 5.5, 5.7,1.1: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization
Series, V. 1, 2009.
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Dirac Measure
» Optimal solutions in measure space are Dirac measures.

»rt e K, p(x*) = pP* :Unique global optimal solution of the original problem. 1 0+

> = O :Optimal solution of optimization in measures.

> e K, i=1,...r,p(x*") = P*: r global optimal solution of the original problem.

Pt =301 Bid i, Bi > 0,37 Bi = 1:Optimal solution of optimization in measures. (r -atomic measure)
A f@l 5.1,*1 ;825.’1;*2

Z{,‘*l IL'*2

)U;* - 51 (551:*1 + -'(:_’)2(5:1,“3““2
Proof of Theorems 5.5, 5.7,1.1: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization
Series, V. 1, 2009.
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Dirac Measure
» Optimal solutions in measure space are Dirac measures.

»rt e K, p(x*) = pP* :Unique global optimal solution of the original problem. 1 0+

> = O :Optimal solution of optimization in measures.

> e K, i=1,...,r,p(z*") = P": r global optimal solution of the original problem.
Pt =3 30 .i. B; >0,> ., B; = 1 :0ptimal solution of optimization in measures. (r -atomic measure)

r T -
R Y Iy Y5151 fab
i i=1

Z{,‘*l IL'*2

)U;* - 51 (551:*1 + -'(:_’)2(5:1,“3““2
Proof of Theorems 5.5, 5.7,1.1: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization
Series, V. 1, 2009.
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Dirac Measure

» Optimal solutions in measure space are Dirac measures.

»rt e K, p(x*) = pP* :Unique global optimal solution of the original problem. 1 0+

* = 0.+ :Optimal solution of optimization in measures.

> e K, i=1,...,r,p(z*") = P": r global optimal solution of the original problem.
Pt =3 30 .i. B; >0,> ., B; = 1 :0ptimal solution of optimization in measures. (r -atomic measure)

T r
i i=1

Pl =E,| fp
— fp fE ( ?;:1 /61 x*'f’) dr = 2:21 b (fp(l,)(sx*?) dr = 2:21 ,sz(tL*z): Zz‘,ﬂzl JBiP* =P okl k2

)U;* - 51 (5:1:"‘1 + -'6)2(5:1:*““2
* Proof of Theorems 5.5, 5.7,1.1: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization
Series, V. 1, 2009.

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Dirac Measure

» In the moment space, we can identify Dirac measures by looking at the finite sequence of the moments, using
the following tests:

e Theorem 3.7,3.11: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
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Dirac Measure

» In the moment space, we can identify Dirac measures by looking at the finite sequence of the moments, using
the following tests:

Dirac Measure:

Sequence ¥ = [ya,a = 0, ..., 2d] is the moment sequence of a Dirac measure if and only if

f\/fd(’g) = 0, Rank(]\/[d(y)) =1

e Theorem 3.7,3.11: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
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Dirac Measure

» In the moment space, we can identify Dirac measures by looking at the finite sequence of the moments, using
the following tests:

Dirac Measure:

Sequence ¥ = [ya,a = 0, ..., 2d]| is the moment sequence of a Dirac measure if and only if

f\/fd(’g) = 0, Rank(]\/[d(y)) =1

Sequencey = [y, @ = 0, ..., 2d]is the moment sequence of a Dirac measure with support contained in set K
if and only if

Mg(y) =0, Mg_(g:y) = 0,i=1,...,m, Rank(My(y)) =1 v = max{dy, }

Theorem 3.7,3.11: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
MIT 16.5498: Risk Aware and Robust Nonlinear Planning
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Dirac Measure

» In the moment space, we can identify Dirac measures by looking at the finite sequence of the moments, using
the following tests:

Dirac Measure:

Sequence ¥ = [ya,a = 0, ..., 2d]| is the moment sequence of a Dirac measure if and only if

f\/fd(’g) = 0, Rank(]\/[d(y)) =1

Sequencey = [y, @ = 0, ..., 2d]is the moment sequence of a Dirac measure with support contained in set K
if and only if

Mg(y) =0, Mg_(g:y) = 0,i=1,...,m, Rank(My(y)) =1 v = max{dy, }

1 2 4
1 2 ,.
Example: [ = 09 :> Yo = Y ]\/[1(’3/) — [2 4] Ms(y) = [2 4 8]

4 8 16
Moments up to order 2 Moments up to order 4
Rank=1 Rank=1

Theorem 3.7,3.11: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
MIT 16.5498: Risk Aware and Robust Nonlinear Planning
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Dirac Measure

» In the moment space, we can identify Dirac measures by looking at the finite sequence of the moments, using
the following tests:

r -atomic measure:

e Theorem 3.7,3.11: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
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Dirac Measure

» In the moment space, we can identify Dirac measures by looking at the finite sequence of the moments, using
the following tests:

r -atomic measure:

Sequence y = (Yo, = 0, ..., 2d] is the moment sequence of linear positive combination of r Dirac
measure (r -atomic representation) if and only if

My(y) =0, Rank(My(y)) = Rank(My_1(y)) =r (Mg is a flat extension of My_,)

Theorem 3.7,3.11: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
MIT 16.5498: Risk Aware and Robust Nonlinear Planning
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Dirac Measure

» In the moment space, we can identify Dirac measures by looking at the finite sequence of the moments, using
the following tests:

r -atomic measure:

Sequence y = (Yo, = 0, ..., 2d] is the moment sequence of linear positive combination of r Dirac
measure (r -atomic representation) if and only if

My(y) =0, Rank(My(y)) = Rank(My_1(y)) =r (Mg is a flat extension of My_,)

Sequence ¥ = [y, = 0, ..., 2d| is the moment sequence of linear positive combination of r Dirac measure
with support contained in set K ,if and only if

My(y) =0, My_(g;y) = 0,i=1,..,m, Rank(My(y)) = Rank(My_,(y)) =r v = max{d,, }

Theorem 3.7,3.11: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
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Dirac Measure

» In the moment space, we can identify Dirac measures by looking at the finite sequence of the moments, using
the following tests:

r -atomic measure:

Sequence y = (Yo, = 0, ..., 2d] is the moment sequence of linear positive combination of r Dirac
measure (r -atomic representation) if and only if

My(y) =0, Rank(My(y)) = Rank(My_1(y)) =r (Mg is a flat extension of My_,)

Sequence ¥ = [y, = 0, ..., 2d| is the moment sequence of linear positive combination of r Dirac measure
with support contained in set K ,if and only if

My(y) =0, My_(g;y) = 0,i=1,..,m, Rank(My(y)) = Rank(My_,(y)) =r v = max{d,, }

1 no 11 1 1 _
R SO Yo = 50" + 51 1 1L
Example: 41 =300 +300 20 T2 My(y)= |2 LI )= [1 ¥] Rank(M>(y)) = Rank(M; (y)) = 2
127925293 5 3 3

e Theorem 3.7,3.11: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
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Dirac Measure

> If the solution of the finite SDP in moments satisfies the rank conditions, the obtained moment are
moments of Dirac measures.

» Then, we can extract the global optimal solutions of the original problem, as follows:

1: Algorithm 4.2 : Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Dirac Measure

> If the solution of the finite SDP in moments satisfies the rank conditions, the obtained moment are
moments of Dirac measures.

» Then, we can extract the global optimal solutions of the original problem, as follows:

» To obtain the support point of a Dirac measure J,.- (point x*) from the moment information,
we need to look at the moment of order 1.

o b ok
Opr — Yo =X ——— Y1 =T

» To obtain the support points of a r -atomic measure (linear positive combination of r Dirac measure )
from the moment information, we need to solve a linear algebra.
( relies on moment matrix factorization Mg(y) = Vv1 ) .1

1: Algorithm 4.2 : Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
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Topics

1) Overview of Measure and Moment based Optimization

2) Theory of Measure and Moments

4) Examples and GloptiPoly Package

5) Proofs (Moment Conditions)
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Measure and Moment based Optimization
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1. Nonlinear Optimization P* _mlnlrglze p( )
TE

* Unconstrained Optimization () — R"™
e Constrained Optimization () — K = (xR :g(x) >0, i=1,...m)

2. Optimization in Measure Space P, —IH}{ILIéIJ{Iltl(ISZE()‘ E,lp(x)] = /p(:f:)d;},

subject to / dy = 1 — Probability Measure
JO
M(Q) : space of measures supported on €2

3. Optimization in Moment Space P*  —minimize Ep[p(x)] = / p(@)di =S pate

mom
Y

subject to yg = 1 » Probability Measure

Mo (y) =0 Mx(gy) =0, i=1,.,m

monmnm

4. Optimization in Truncated Moment Space ~ ,.a  _ . . . c E”[p( )] = / p(2)dys = Zpaya

If y* =[y:.a =0....2d satisfies the rank conditions: Yo ,0=0;.

y™ is moment sequence of Dirac measures.
HPr = P* it)x*can be extracted.

Otherwise P7¢ < P” Md(y) = 0 Md—dg?. (9iy) =0, i=1,..,m

Lo —

subject to yo = 1

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



4.1 Optimization in Truncated Moment Space () — R™ (unconstrained Optimization)

 Decision variable: moments: vy, = fxo‘dp,

iacti ians o) — S22 e - Polynomial of order 2d
+ Objective function: p(r) = 3271 por € Raule] = foymonisrorser o e

e Algorithm 5.1, Chapter 7: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



4.1 Optimization in Truncated Moment Space () — R™ (unconstrained Optimization)

 Decision variable: moments: vy, = fxo‘dp,

e Objective function: p(l,) — Zid:o Dol € Rgd[w] __,  Polynomial of order 2d (even)

Otherwise necessarily p* = —oo
| P = minimize E Dala |
| y(I,CI{:O?...,Qd !
! a=0 |
| subject to 1y =1 > [du= |
; Ma(y) = 0 ;

* Instead of solving infinite-dimensional SDP, we solve single finite SDP in terms of sequence of the moments
up to order 2d (degree of p(x)).

e Algorithm 5.1, Chapter 7: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
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4.1 Optimization in Truncated Moment Space () — R™ (unconstrained Optimization)

 Decision variable: moments: vy, = fxo‘d,u

e Objective function: p(l,) — Zid:o Dol € Rgd[w] __,  Polynomial of order 2d (even)

Otherwise necessarily p* = —oo
| P = minimize E Dala |
| y(I,CY:O?...,Qd !
! a=0 |
| subject to Yy = > [du= |
; Ma(y) = 0 ;

* Instead of solving infinite-dimensional SDP, we solve single finite SDP in terms of sequence of the moments
up to order 2d (degree of p(x)).

e Itis similar to SOS programming for unconstrained optimization. Degree of SOS polynomial is determined by
the degree of p(x).

P = minei%lize p(x) > P,,s = maximize v subject to, p(z) —~v € SOS
T n ,}/

Algorithm 5.1, Chapter 7: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
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4.1 Optimization in Truncated Moment Space () — R™ (unconstrained Optimization)

 Decision variable: moments: vy, = fxo‘d,u

e Objective function: p(l,) — Zid:o Dol € Rgd[w] __,  Polynomial of order 2d (even)

Otherwise necessarily p* = —oo
| P = minimize E Dala |
| y(l:azoa'“:2d !
! a=0 |
| subject to Yy = > [du= |
; Ma(y) = 0 ;

e« If r = Rank (My(y*)) = Rank (Mg_1(y*)), then P*¢ — P* and there are at least r

E mom E
| global minimizers which can be extracted by linear algebra (r-atomic measure ). i

* Otherwise, P:wm < P* (feasible set of finite SDP is bigger that feasible set of infinite SDP)

e Algorithm 5.1, Chapter 7: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
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Unconstrained Optimization

Q=R"

rEQ)

iy

P* —minimize p(z) |

Infinite LP:
neM()

M(Q) : space of measures supported on §2

P, =minimize E,[p(z)] = /p(:{:)du

subject to u(Q2) =1

probability measure :pu(Q) = [, du =1

P, ., = minimize E PaYa
Yo ,=0,...,2d
subject to  yg =

® If r — Rank My(y*) = Rank My_1(y*)

HP* = P* ji)az*can be extracted by linear algebra

® If Rank My(y*) # Rank My, (y*)
P < P*

ToTn

Fall 2019
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4.2 Optimization in Truncated Moment Space () = K (Constrained Optimization)

 Decision variable: moments: y, = fxo‘dp, . Objective function: P(7) = ), Paz® € R[z]

Yo ,ax=0,...,2d

2 |

Moments up to order: 2d > max(deg(p(x)), deg(g:(x)))

E subject to  yg = |
E d.ﬂ}f_ — E

e Algorithm 5.2, Chapter 7: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
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4.2 Optimization in Truncated Moment Space () = K (Constrained Optimization)

e Decision variable: moments: y, = fxo‘d,u e Objective function: p(x) = 3o Pax® € Rlz]
SDP P**  — minimize Z Pala

Yo ,ax=0,...,2d

dg, = | deg(gi(x)) -

2 | . ;
Moments up to order: 2d > max(deg(p(x)), deg(g:(x))) Ma-q,, (9iy) 70, i=1,..,m.

i subject to  yg = E

- If r = Rank My(y*) = Rank My_,(y*), then P*®  — P*and there are at least r global
. minimizers which can be extracted by linear algebra (r-atomic measure ). v = max{d,,} !
o If r = Rank My(y*) # Rank My_,(y*), then increase relaxation order d by 1 and solve the
. new obtained SDP.
* Otherwise, P*¢ < p*

T or —

e Algorithm 5.2, Chapter 7: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
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4.2 Optimization in Truncated Moment Space () = K (Constrained Optimization)

 Decision variable: moments: y, = fxo‘d)u . Objective function: P(7) = ), Paz® € R[z]
SDP P*d o e .

o ey —  IX1IT1ITIIZC Pal

mom Yo o=0...2d Zy[ vYa

d,, — [deotg:@): M (y) =0
Moments up to order: 2d > max(deg(p(x)), deg(g;(x))) Mg, (g;y) =0, i=1,....m.

________________________________________________________________________________________________________________________________

° If r = Rank My(y*) = Rank My_,(y*), then P** ~ — P*and there are at least r global
. minimizers which can be extracted by linear algebra (r-atomic measure ). v = max{d,,}!
o If r = Rank My(y*) # Rank M,_,(y*), then increase relaxation order d by 1 and solve the
. new obtained SDP.
* Otherwise, P*¢ < Pp*

mom —

TP

Theorem: as d — oo (humber of moments in SDP increases), P:‘?fom

e Theorem 5.6, Chapter 7: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009,
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4.2 Optimization in Truncated Moment Space () = K (Constrained Optimization)

Finite Convergence

________________________________________________________________________________________________________________________________

e Typically, finite convergence takes place for some (usually small) d.

e Sufficient condition for finite convergence, is the rank condition of the moments.

* Nie, J. Optimality Conditions and Finite Convergence of Lasserre’s Hierarchy, Math. Program. Ser. A 146, 97-121, 2014.
e Jean Lasserre “The Moment-SOS hierarchy”, 2018
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4.2 Optimization in Truncated Moment Space () = K (Constrained Optimization)

Finite Convergence

________________________________________________________________________________________________________________________________

e Typically, finite convergence takes place for some (usually small) d.

e Sufficient condition for finite convergence, is the rank condition of the moments.

e For the sub-class of Convex Optimization Problems where P, —g; @ = 1,...,m are SOS-Convex
polynomials, finite convergence takes place at the first step of the hierarchy.
Relaxation Order: 2d = max(deg(p(x)),deg(g;(x)))

* Nie, J. Optimality Conditions and Finite Convergence of Lasserre’s Hierarchy, Math. Program. Ser. A 146, 97-121, 2014.
e Jean Lasserre “The Moment-SOS hierarchy”, 2018
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4.2 Optimization in Truncated Moment Space () = K (Constrained Optimization)

Finite Convergence

________________________________________________________________________________________________________________________________

e Typically, finite convergence takes place for some (usually small) d.

e Sufficient condition for finite convergence, is the rank condition of the moments.

e For the sub-class of Convex Optimization Problems where p,—gi; @ = 1, ..., m are SOS-Convex
polynomials, finite convergence takes place at the first step of the hierarchy.
Relaxation Order: 2d = max(deg(p(x)),deg(g;:(x)))

V?2p = 0 (Convexity condition)
V2p = L(z) LT (x) (SOS-Convexity condition)

* Nie, J. Optimality Conditions and Finite Convergence of Lasserre’s Hierarchy, Math. Program. Ser. A 146, 97-121, 2014.
e Jean Lasserre “The Moment-SOS hierarchy”, 2018
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4.2 Optimization in Truncated Moment Space () = K (Constrained Optimization)

Finite Convergence

________________________________________________________________________________________________________________________________

e Typically, finite convergence takes place for some (usually small) d.

e Sufficient condition for finite convergence, is the rank condition of the moments.

e For the sub-class of Convex Optimization Problems where P, —g; @ = 1,...,m are SOS-Convex

polynomials, finite convergence takes place at the first step of the hierarchy.
Relaxation Order: 2d = max(deg(p(x)),deg(g;(x)))

_________________________________________________________________________________________________________________________________

P =mininmize p(x) p,—¢g; 1 =1,....m :> This implies the Convexity
: O=K={recR":g(x) >0, i=1,...m} :> S0OS-Convex of the original optimization. |

.....
i

* Nie, J. Optimality Conditions and Finite Convergence of Lasserre’s Hierarchy, Math. Program. Ser. A 146, 97-121, 2014.
e Jean Lasserre “The Moment-SOS hierarchy”, 2018
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Unconstrained Optimization Constrained Optimization

P* _ . e .
minimize p(x)

iy
bk o o

(0 =R" Q=K={zecR":qg;(x) >0, i=1,..,m}
— | i
Infinite LP: o
P* — e E.lno(x)] = n(1)d
p IR ulp()] / p(z)dp
subject to u(Q2) =1
M () : space of nonnegative measures on §2 probability measure :p(Q) = [, dp =
— 1

= minimize
Yo ,a=0,....2d

* . . . r |
P’ .. = minimize E Dol mom
ya:@:O,...,zd,
subject to  yo =1

subject to  yy = |

g, — [dealz () M(y) = 0
2d—degple) Maly) =0 2 o tegote) oo Mg (9iy) 70, i=1,..m.
® If » = Rank M,(y*) = Rank M;_(y*) O[f r = Rank My(y*) = Rank My_,(y*) v=wmax{d,}
)P = P", idi)x*can be extracted by linear algebra )P om = P, ii)z*can be extracted by linear algebra
® If Rank M,(y*) # Rank My (y*) ® If Rank M;(y*) # Rank M,_,(y*), increas d
Pom < P° ® Otherwise P:f’om < P*
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Topics

1) Overview of Measure and Moment based Optimization
2) Theory of Measure and Moments

3) Measure and Moment based Optimization

5) Proofs (Moment Conditions)
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Gloptipoly: MATLAB based packaged for moment-measure based optimization.

http://homepages.laas.fr/henrion/software/gloptipoly3/

Input: Nonlinear Optimization

e Generates moment based Semidefinite Program (SDP)
e Solves the SDP using SDP solvers

 Checks the rank condition and extracts the solution

SDP solvers: e.g., -
MOSEK https://www.mosek.com

SEDUMI http://sedumi.ie.lehigh.edu

SDPT3 http://www.math.nus.edu.sg/~mattohkc/sdpt3.html

_Rely on interior point methods

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



http://homepages.laas.fr/henrion/software/gloptipoly3/
https://www.mosek.com/
http://sedumi.ie.lehigh.edu/
http://web.archive.org/web/20181017102233/http://www.math.nus.edu.sg/~mattohkc/sdpt3.html

Example 1: Unconstrained Optimization

pP* =minimize 3+ 2xy + 2rp + 307 + 2wy 20 + 325 + 2] + 25
z€R

deg(p(x)) =4 I:> SDP with moments up to order 4 (d=2).

Variables of SDP: 4 = [y00|Y10, Y01|Y20, Y11, Yo2|Y30, Y21, Y12, Yo3|Ya0, Y31, Y22, Y13, Yo

* . . .
Pmom —INIIINIZe 3 + 2y10 + 23/01 + 3920 + 2@/11 + 3y02 + Ya0 + Yo4
Yy

subject to Yoo Yo Yor Y20 Y11 Yoz
Yo1 Y20 Y11 Yo Y21 Y12

Yo1 Y11 Yoz Y21 Y1z Yoz

Yoo = 1 2(y) Y20 Y30 Y21 Y40 Y31 Y22
Y1 Y21 Y12 Y1 Y22 Y13
Y02 Y12 Yoz Y22 Y13 Yo4 ]

Status=1 (Rank condition holds) : P2  — P* — 95074 x] = —0.2428, x5 = —0.2428

T oTmm

> Objective function admits SOS representation (27 + 1)* + (23 + 1)* + (21 + 22 + 1)?
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——Moment Programming in GloptiPoly

mset("yalmip®,true);mset(sdpsettings("solver”®, "mosek™)); SDP solver
mpol x1 x2 »variables xq. xo
P =3+2*X1+2*X2+3*X1N2+2*X1*X2+3*X2"N2+X1N+x2"4 > p(x)
P = msdp(min(p)) » genrate moment SDP
[status,obj] = msol(P) » solve moment SDP
Output:
status==1:

The moment SDP is solved successfully, and Rank conditions are satisfied. Hence, GloptiPoly can extract the global optimal solutions.
obj = the global minimum , x* = double(x)

status==0:
The moment SDP is solved successfully But Rank conditions are Not satisfied. Hence, GloptiPoly can NOT extract the global optimal solutions.

obj is lover bound of the global minimum.

status==-1: The moment SDP could NOT be solved (unbounded SDP).

https://github.com/jasour/rarnop19/blob/master/Lecture4 Moment NonlinearOptimization/Example 1.m
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https://github.com/jasour/rarnop19/blob/master/Lecture4_Moment_NonlinearOptimization/Example_1.m

——Moment Programming in GloptiPoly

mset("yalmip®,true);mset(sdpsettings("solver”®, "mosek™)); SDDP solver

mpol x1 x2 »variables xq. xo
P =34+2*X1+2*X2+3*X1N2+2*X1*X2+3*X2"N2+X1N+Xx2"N4 ; > p(x)
P = msdp(min(p)) » genrate moment SDP

[status,obj] = msol(P) » solve moment SDP

GloptiPoly Output: Description of the Moment SDP

Measure 1
Degree = 4 > deg(p(x)) = 2d
Variables =2 > X1, Xp
Moments = 15 > S 00 = (”tzd) = (?:Lﬁf)'
Relaxation order = 2 > d
Mass of measure 1 set to one »Vo =1
Total number of moments = 15 »Sn.2d = (”f,?d) = (?:,T;;P !
Perform moment substitutions
Number of moments after substitutions = 14 > Vo =1

https://github.com/jasour/rarnop19/blob/master/Lecture4 Moment NonlinearOptimization/Example 1.m
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https://github.com/jasour/rarnop19/blob/master/Lecture4_Moment_NonlinearOptimization/Example_1.m

——Moment Programming in GloptiPoly

mset("yalmip®,true);mset(sdpsettings("solver”®, "mosek™)); SDP solver

mpol X1 X2 »variables x1, x2

P =3+2*X1+2*X2+3*X1IN2+2*X1*X2+3*X2"M2+X1MN4+Xx2"N4 ; > p(x)

P = msdp(min(p)) » genrate moment SDP
[status,obj] = msol(P) » solve moment SDP

- Obtained Results
double([x1 x2]) » global optimal solution (If status=1)
y=double(mvec(meas)) ; — ghtained moment vector (if status # —1)
M=double(mmat(meas)) ; — moment matrix of the moments (if status # —1)
Rank Test (if status # —1)
d2= deg(p)/2;

B_d2=mmon([x1 x2],d2); Moment Matrix of order d : My = E[ByB’
M_d2=double(mom(B_d2*B_d2"));  Rank: nonzero eigenvalues
R_d2=eig(M_d2);

m) r = Rank M,(y*) = Rank My (y*)
dl= d2-1; ]
B di=mmon([x1 x2],d1): Moment Matrix of order d — 1 : M, ;_1 = E[Bd—lBg—l-

M_dl=double(mom(B_d1*B_d1")): [ Rank: nonzero eigenvalues
R dl=eig(M_dl);

https://github.com/jasour/rarnop19/blob/master/Lecture4 Moment NonlinearOptimization/Example 1.m
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https://github.com/jasour/rarnop19/blob/master/Lecture4_Moment_NonlinearOptimization/Example_1.m

Example 2: Unconstrained Optimization

p* :nlini%ize — 2222 + atrs 4+ aixs P* = —1/27, 2% = [£V3/3, £V3/3]
S

deg(’p(a:‘)) =0 I::> SDP with moments up to order 6 (d=3)

Variables of SDP: Yy — [yoo\yloaym’yzo,y11,y02|930,921,y12>903194079317922,3/13,3}04|
y50|y4lay3273/23;yl4a905‘960395179423933’92479157906]

x99 . . .
P -, =minimize  —y22 + Y42 + Y24
Y
. Yoo Yio Yoir Y20 Yi1  Yo2
subject to

Yo1 Y20 Y11 Yo Y21 Y12
Yo1r Y11 Yo2 Y21 Y12 Yo3s

Yoo — 1 Ms(y) = J J J J J J =0
Y20 Y30 Y21 Ya0 Y31 Y22

Y11 Y21 Y12 Y31 Y22 Y13

Y02 Y12 Yoz Y22 Y13 Yo4 ]

Status=-1 : moment SDP could NOT be solved (unbounded SDP).
https://github.com/jasour/rarnop19/blob/master/Lecture4 Moment NonlinearOptimization/Example 2.m

» Objective function is nonnegative but does not admit SOS representation

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019


https://github.com/jasour/rarnop19/blob/master/Lecture4_Moment_NonlinearOptimization/Example_2.m

Example 3: Constrained Optimization

4 s e .
P =minimize — X
rER?2

subject to € K ={x € R?:3— 219 — If — :1;3 >0, —xy — a0 — 1119 >0, 1+ 21220 > 0}

max(deg(p(x),deg(g;(x)) = 2 I:> Minimum relaxation order of SDP: 2 (d=1)
SDP with moments up to order 2.

P:iom :miniymize — Y10
subject to
_ - _1
Yoo Yio Yo1 00
M ( ) — “ () Mgy _q,(919) = 3 — 2y01 — Y20 — Yo2 > 0,
1Y) = Y10 Y20 Hi1| = Ma—d;(92y) = —Y10 — Yo1 — Y11 = 0,
Yo1 Y11 Yoz My _q,(g3y) =1+y11 >0

Status=0 : The moment SDP is solved successfully But Rank conditions are Not satisfied. Hence, GloptiPoly can NOT
extract the global optimal solutions.
P*l = _1.7808 < P*

moimm

https://github.com/jasour/rarnop19/blob/master/Lecture4 Moment NonlinearOptimization/Example 3.m
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https://github.com/jasour/rarnop19/blob/master/Lecture4_Moment_NonlinearOptimization/Example_3.m

e PN .
P =minimize — X
rERZ

subject to € K ={x € R?: 3 — 219 — I% — .’L‘% >0, —x1 —x9 — 1110 >0, 14+ 2729 > 0}

——Moment Programming in GloptiPoly
mset("yalmip”,true) ;mset(sdpsettings("solver”, "mosek™)); SDP solver
mpol X1 x2 » variables 1, x
D = (L+X1*X2)"2-X1*Xx2+(1-X2)"2; > ()
g=[3-2*X2-X1"N2-Xx2"2 ; -X1-X2-X1*X2 ; 1+x1*x2] ; » K
P = msdp(min(p), g>=0, d) » genrate moment SDP relaxation of d
2d > max(deg(p(x)), deg(gi(x)))
[status,obj] = msol(P) » solve moment, SDP

https://github.com/jasour/rarnop19/blob/master/Lecture4 Moment NonlinearOptimization/Example 3.m
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https://github.com/jasour/rarnop19/blob/master/Lecture4_Moment_NonlinearOptimization/Example_3.m

——Moment Programming in GloptiPoly

mset("yalmip®,true) ;mset(sdpsettings("solver”,"mosek"));

SDP solver

[status,obj] = msol(P) » solve moment SDP

mpol x1 x2 » variables x1, xo

p = (1+xX1*X2)"N2-x1*x2+(1-X2)"2; > ()

g=[3-2*X2-X1"N2-Xx2"2 ; -X1-X2-X1*X2 ;1+x1*x2] ; » K

P = msdp(min(p), g>=0, d) » genrate moment SDP relaxation of d

2d > max(deg(p(x)),deg(g;(x)))

GloptiPoly Output: Description of the Moment SDP

Number of support constraints = 3

—+0.(x),i =1,2,3

Measure 1
Degree =2 » d = max( deg(p(x)),deg(g;(x)))
Variables =2 > X1, X>
Moments =6 > 24 = (n?d) - (?:;Tjj)'

Relaxation order =1 »[d/2]

Mass of measure 1 set to one »Vo = {

Total number of moments = 6 >S5S 0d — (”?d) — (?.:‘,Tjﬁ) !

Perform moment substitutions

Number of moments after substitutions =5 »Yo =1

https://github.com/jasour/rarnop19/blob/master/Lecture4 Moment NonlinearOptimization/Example 3.m
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——Moment Programming in GloptiPoly

mset("yalmip®,true) ;mset(sdpsettings("solver”, "mosek")); SDP solver

y=double(mvec(meas)) ; — ghtained moment vector (if status # —1)
M=double(mmat(meas)) ; — moment matrix of the moments (if status # —1)
Rank Test (if status # —1)
d2= d;

B_d2=mmon([x1 x2],d2); Moment Matrix of order d : My = E[ByB]’
M_d2=double(mom(B_d2*B_d2")); r Rank: nonzero eigenvalues

dl= d2-ceil(deg(9)/2); _ v =max{dy, } dg, = |
B_dl=mmon([x1 x2],d1l); Moment Matrix of order d — v : M,_, = E[Bd_,uBg'_U_
M_dl=double(mom(B_d1*B_d1")): [ Rank: nonzero eigenvalues

R dl=eig(M_d1):

mpol x1 X2 » variables x, x2
P = (1+x1*x2)"2-x1*x2+(1-x2)"2; . p(x)
g=[3-2*%X2-X1"N2-Xx2"2; -X1-X2-X1*X2;1+x1*x2] ; » K
P = msdp(min(p), g>=0, d) » genrate moment SDP relaxation of d
2d > max(deg(p(x)),deg(g;(x)))

[status,obj] = msol(P) » solve moment SDP

—Obtained Results
double([x1 x2]) > global optimal solution (If status=1)

R_d2=eig(M_d2); r = Rank My(y*) = Rank My_,(y*)

2

https://github.com/jasour/rarnop19/blob/master/Lecture4 Moment NonlinearOptimization/Example 3.m

Fall 2019
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Example 4: Constrained Optimization

We solve the Optimization of Example 3 with relaxation order d = 2

SDP with moments up to order 2d

P*l L . . .
om —inimize  —yig
y
subject to Yoo =1

Yoo Y10 Yor Y20 Y11 Yoo

1 1 2 Ui 1 K (f 2 _E ‘ § ) F ¥ §
Jor D200 G s0 et 3Y00 — 2Yo1 — Y20 — Yo2  3Y10 — 2Y11 — Y30 — Y12 3Yo1 — 2Yo2 — Y21 — Yo3

Yor Y Yoz Y21 Y12 Yos . .
M) = |0 so w1 a0 wsi yam| 7O Ma(g1y) = |3y10 — 2y11 — Y30 — Y12 3Y20 — 2Y21 — Ya0 — Y22 Y11 — 2Y12 — Y31 — Y1z | = 0
Vil Y1 Vi Y31 Yoo Y13 3yor — 2Yo2 — Y21 — Yo3  3Y11 — 2Y12 — Y31 — Y13 3Yo2 — 2Yo3 — Y22 — Yoa
| Yo2 Y12 Yoz Y22 Y13 Yod
—Y10 —Yo1 — Y11 —Y20 — Y11 — Y21 —Yi1 — Yo2 — Y12 N y(m + Y11 Yo+ 3121 Yo1 + Y12 ,
MQ(QZ’!}) = | —Y20 — Y11 — Y21 —Y30 — Y21 — Y31 —Y21 — Y12 — Y22 | =0 2(9.‘3!}) = Y10 + Y21 ygo + Y31 Y11+ 922 =
Y11 —Yo2 — Y12 —Y21 — Y12 — Y22 —Yi2 — Yo3 — Y13 Yo T Y12 Yt Y2 Yo+ Y3

Status=1 (rank condition holds) Pﬁom — —1.6180 = P* ZCT = 1.6810, 333 — —0.6180

https://github.com/jasour/rarnop19/blob/master/Lecture4 Moment NonlinearOptimization/Example 4.m
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https://github.com/jasour/rarnop19/blob/master/Lecture4_Moment_NonlinearOptimization/Example_4.m

Example 5: Constrained Optimization

P* =minimize — 2x1 + x9 — 3
rER3

subject to

24 — 201 4+ 929 — 1323 + 45.9? —4drixo + 41123 + ng — 2x9x3 + 2:1:% > 0,
r) + a2 + 23 < 4,

3rg + a3 <6

0<2;1 <2, 0<29, 0<23<3

max(deg(p(z),deg(gi(z)) =2 — 2d > 2

GloptiPoly with SeDumi SDP solver:

d =1, Status=0 Py, = —6 <P

d = 2, Status=0 pr2 = —5.923 < P*

d = 3, Status=0 pP* = —4.0683 < P*

d =4, Status=1 Pl — 4 =P i =05, 25 =0, 25 =0 i =2, 25=0, x5 =0
 Notethatford >4 Py, = A=PT T

FriLexrrl

https://github.com/jasour/rarnop19/blob/master/Lecture4 Moment NonlinearOptimization/Example 5.m
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Topics

1) Overview of Measure and Moment based Optimization
2) Theory of Measure and Moments
3) Measure and Moment based Optimization

4) Examples and GloptiPoly Package
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Optimization problems in x and in # are equivalent, P* = P,

1 2

Moments of every measure [ in [R" satisfies the moment condition:

3
Moments of every measure b ontheset K = {z € R" : g;(x) > 0 |, } satisfies

the moment condition:

My(y) =0, Vvd  Mua(gy) =0, Vd, i=1,..,m.

4

Any infinite sequence ¥ that satisfies My (y) = 0. My(g;y) = 0, Vd, 7 = 1,..,m are the moment seq.

of measure [ supported on compact (Archimedean)set K = {z € R : g;(x) > 0 |,

Fall 2019

MIT 16.5498: Risk Aware and Robust Nonlinear Planning




Optimization problems in x and in # are equivalent, P* = P,

e Chapter 7: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019




Optimization problems in x and in # are equivalent, P* = P,

To show P* = P;‘;

@ We first show that P* < PZ

e Chapter 7: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
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Optimization problems in x and in # are equivalent, P* = P,

To show P* = P;‘;

@ We first show that P* < PZ

e Chapter 7: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
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Optimization problems in x and in # are equivalent, P* = P,

To show P* = P;‘;

@ We first show that P* < PZ

e Chapter 7: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
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Optimization problems in x and in # are equivalent, P* = P,

To show P* = P;j

@ We first show that P* < PZ

@ We show that P* > PZ

* For every feasible solution 2z € () , we associate the Dirac measure 9.
¢ §, € M(Q)is afeasible solution of optimization problem in

e Chapter 7: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019




Optimization problems in x and in # are equivalent, P* = P,

To show P* = PZ

@ We first show that P* < PZ

@ We show that P* > PZ

* For every feasible solution 2z € () , we associate the Dirac measure 9.
¢ §, € M(Q)is afeasible solution of optimization problem in

P* = minimize p(x) = minimize E[p(x
imi p(x) nimize ()]

e Chapter 7: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
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Optimization problems in x and in # are equivalent, P* = P,

To show P* = PZ

@ We first show that P* < PZ

@ We show that P* > PZ

* For every feasible solution 2z € () , we associate the Dirac measure 9.
¢ §, € M(Q)is afeasible solution of optimization problem in

P* = minimize p(x) = minimize E[p(xz)] > P* = minimize E[p(z * *
i p(x) inimize p(x)] > P, inimizc p(z)] =—=> p* > P

Bigger feasible Set

e Chapter 7: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019




1 2

Moments of every measure U in [R™ satisfies the moment condition:
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1 2

Moments of every measure U in [R™ satisfies the moment condition:

We want to show that given a measure and its moments sequence,l,Y :: > My(y) =0, Vd

e [Eqg 3.11:Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
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1 2

Moments of every measure U in [R™ satisfies the moment condition:

We want to show that given a measure and its moments sequence,l,Y :: > My(y) =0, Vd

e We need to show that p" M, (y)p > 0, V vector: p € R4 (definition of PSD matrix)
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1 2

Moments of every measure U in [R™ satisfies the moment condition:

We want to show that given a measure and its moments sequence,l,Y :: > My(y) =0, Vd

e We need to show that p" M, (y)p > 0, V vector: p € R4 (definition of PSD matrix)

p"Mau(y)p = p" E[Ba(z)B; (z)lp = E[p” By(x) B] (2)p]
\/

(definition of Moment matrix)
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1 2

Moments of every measure U in [R™ satisfies the moment condition:

We want to show that given a measure and its moments sequence,l,Y :: > My(y) =0, Vd

e We need to show that p" M, (y)p > 0, V vector: p € R4 (definition of PSD matrix)

p"Mau(y)p = p" E[Ba(z)B; (z)lp = E[p” By(x) B] (2)p]
\/

(definition of Moment matrix)

= El(p" Bul(x))(p7 Ba(2))"] = Elp?(x)] = [ pA(a)du = 0 =) Ma(y) » 0

Polynomial of order d:
Coefficients vector and monomials

p(x) = p" Bq(x)
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1 2

Moments of every measure U in [R™ satisfies the moment condition:

We want to show that given a measure and its moments sequence,l,Y :: > My(y) =0, Vd

e We need to show that p" M, (y)p > 0, V vector: p € R4 (definition of PSD matrix)

p"Mau(y)p = p" E[Ba(z)B; (z)lp = E[p” By(x) B] (2)p]
\/

(definition of Moment matrix)

= E[l(prfd(w))(pTBd(fE))T] =E[p*(2)] = [p*(#)dun >0 > Ma(y) =0

Polynomial of order d:
Coefficients vector and monomials

p(x) = p" Bq(x)

M,(y) =0 = E,[p?(2)] >0, Vp(z) € Ryglz]
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1.3
Moments of every measure 4 ontheset K = {x € R" : g;(x) > 0 |} satisfies
the moment condition:

My(y) =0, Vd  My(g;y) =0, Vd, i=1,..,m.

Fall 2019
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1.3
Moments of every measure 4 ontheset K = {x € R" : g;(x) > 0 |} satisfies
the moment condition:

My(y) =0, Vd My(gy) =0, Vd, i=1,..,m.

We want to show that given measure and its moments sequence, My(y) =0, Vd
i, supp(p) C K, y , M, (giy) =0, Vd, i=1,..,m.

e Eqg 3.15: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019




1.3
Moments of every measure 4 ontheset K = {x € R" : g;(x) > 0 |} satisfies
the moment condition:

My(y) =0, Vd My(gy) =0, Vd, i=1,..,m.

We want to show that given measure and its moments sequence, My(y) =0, Vd
i, supp(p) C K, y , M, (giy) =0, Vd, i=1,..,m.

We need to show that p" My(g;y)p > 0, V vector: p € R4
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1.3
Moments of every measure 4 ontheset K = {x € R" : g;(x) > 0 |} satisfies
the moment condition:

My(y) =0, Vd My(gy) =0, Vd, i=1,..,m.

We want to show that given measure and its moments sequence, My(y) =0, Vd
i, supp(p) C K, y , M, (giy) =0, Vd, i=1,..,m.

We need to show that p" My(g;y)p > 0, V vector: p € R4

p’ My(gy)p = P Elgi(x)Ba(x) B (2)]p = E[g;(x)p” Ba(x)BY (x)p)

~_,

(definition of Localizing matrix)
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1.3
Moments of every measure 4 ontheset K = {x € R" : g;(x) > 0 |} satisfies
the moment condition:

My(y) =0, Vd My(gy) =0, Vd, i=1,..,m.

We want to show that given measure and its moments sequence, My(y) =0, Vd
i, supp(p) C K, y , M, (giy) =0, Vd, i=1,..,m.

We need to show that p" My(g;y)p > 0, V vector: p € R4
p"Ma(gy)p = P"Elgi(x)Ba(x)B] (x)]p = Elg:(x)p” Ba(x) B (x)p]

(definition of Localizing matrix)
= E[gi(x)(p" Ba(x))(p" Ba(z))"]= E[g; (x = [ gi(x)p*(x)du > 0—> Mua(giy) >= 0
polynomial of order e
olynomial of order d:
Coefficignts vector and monomials gi = 0 onthe setK

p(xz) = p" Bq(x)

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



1.3
Moments of every measure 4 ontheset K = {x € R" : g;(x) > 0 |} satisfies
the moment condition:

My(y) =0, Vd My(gy) =0, Vd, i=1,..,m.

We want to show that given measure and its moments sequence, My(y) =0, Vd
i, supp(p) C K, y , M, (giy) =0, Vd, i=1,..,m.

We need to show that p" My(g;y)p > 0, V vector: p € R4
p"Ma(gy)p = P"Elgi(x)Ba(x)B] (x)]p = Elg:(x)p” Ba(x) B (x)p]

(definition of Localizing matrix)
= E[gi(x)(p" Ba(x))(p" Ba(z))"]= E[g; (x = [ gi(x)p*(x)du > 0—> Mua(giy) >= 0
polynomial of order e
olynomial of order d:
Coefficignts vector and monomials gi = 0 onthe setK

p(xz) = p" Bq(x)

whenever supp(p) C {x € R" : g;(x) > 0} My(g;y) = 0= E,.lgip*(x)] >0, Vp(z) € Rlz]
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4
Any infinite sequence ¥ that satisfies M, (y) = 0, M4(g;y) = 0, Vd, ¢ = 1,.., m are the moment seq.

of measure [l supported on compact (Archimedean) set K = {;1; c R™ - gz(;;(;) > () |1";1

We want to show that
y moment sequence of measur:

My(giy) =0, Vd, i=1,..,m. Il: M SuPp(FL) CK

e Theorems 3.1,3.8, Chapter 3: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
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Any infinite sequence ¥ that satisfies M, (y) = 0, M4(g;y) = 0, Vd, ¢ = 1,.., m are the moment seq.

of measure [l supported on compact (Archimedean) set K = {;1; c R™ - gz(g;) > () |?’;1

We want to show that
y moment sequence of measur:

My(g;y) =0, Vd, i=1,..,m. M supp(,u) CK

 Not that this theorem is not very practical as we do not have an explicit characterization of nonnegative
Polynomials on a general closed set.
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4
Any infinite sequence ¥ that satisfies M, (y) = 0, M4(g;y) = 0, Vd, ¢ = 1,.., m are the moment seq.

of measure [l supported on compact (Archimedean) set K = {:1: c R™: g@(::(:) > () | 1}

We want to show that
y moment sequence of measur:

M, (y) =0, Vd |
Ma(giy) =0, Vd, i=1,.. m.:‘> p, supp(p) C K

 Not that this theorem is not very practical as we do not have an explicit characterization of nonnegative
Polynomials on a general closed set.

» Hence, we need to show that for given sequence y |:> E,lp(z)] >0, V polynomilas p(z) > 0 on K

Theorems 3.1,3.8 , Chapter 3: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
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» Hence, we need to show that for given sequence ¥ [> E,[p(x)] >0, V polynomilas p(x) > 0 on K
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» Hence, we need to show that for given sequence ¥ [> E,[p(x)] >0, V polynomilas p(x) > 0 on K

\ J
|

p(x) =oo(x) + >0, oi(x)gi(x) oolx),0i(x) € SOS
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» Hence, we need to show that for given sequence ¥ [> E,[p(x)] >0, V polynomilas p(x) > 0 on K

\ J
|

p(x) =oo(x) + >0, oi(x)gi(x) oolx),0i(x) € SOS
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» Hence, we need to show that for given sequence ¥ [> E,[p(x)] >0, V polynomilas p(x) > 0 on K

\ J
|

We know that sequence vy satisfies
My(y) =0, Vd =E,[p*(z)] >0, Vp(z) € R[z]

Md(gzy) =0, Vd = E,”J[g?;pQ(:E)] >0, Vp(.’},) = R[J’]
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» Hence, we need to show that for given sequence ¥ [> E,[p(x)] >0, V polynomilas p(x) > 0 on K

\ J
|

We know that sequence vy satisfies
My(y) =0, Vd =E,[p*(z)] >0, Vp(z) € R[z]

Md(gzy) =0, Vd = E,”J[g?;pQ(:E)] >0, Vp(.’},) = R[J’]
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» Hence, we need to show that for given sequence ¥ [> E,[p(x)] >0, V polynomilas p(x) > 0 on K
\ J

We know that sequence vy satisfies
My(y) =0, Vd =E,[p*(z)] >0, Vp(z) € R[z]

0
Md(giy) =0, Vvd =E, [Q?p ()] =0, Vp(x) € Rlz|

Th
j\> E, [p(:z:)] >0 (Riizg?kz:vila; sequence ¥ has a measure [l on the set K
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* Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press
Optimization Series, V. 1, 2009.

e Jean Bernard Lasserre, “Global Optimization with Polynomials and the Problem of Moments”, SIAM J.
Optim., 11(3), 796-817, 2001.

e Jean Bernard Lasserre “The Moment-SOS hierarchy”, 2018

* Nie, J. “Optimality Conditions and Finite Convergence of Lasserre’s Hierarchy”, Math. Program. Ser. A
146, 97-121, 2014.

e Section 4: Monique Laurent, “Sums Of Squares, Moment Matrices and Optimization Over
Polynomials”, 2010, https://homepages.cwi.nl/~monique/files/moment-ima-update-new.pdf

Gloptipoly: http://homepages.laas.fr/henrion/software/gloptipoly3/
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