18.100A: Complete Lecture Notes

Lecture 8:

The Squeeze Theorem and Operations Involving Convergent Sequences

Facts About Limits

Theorem 1 (Squeeze Theorem)
Let {an}, {bn}, and {z,} be sequences such that Vn € N,

Suppose that {a,} and {b,} converge and
lim a, =x = lim b,.
n—oo n—roo

Therefore, {x} converges and lim,,_, o x,, = 2.

Remark 2. We sometimes abbreviate the Squeeze Theorem to ST.

Proof: Let € > 0. Since lim,,_,, a,, = x, there exists an My € N such that for all n > M,
la, —z| <€ = z—€<ap.
Since lim,, o0 b, = x, AM; € N such that Vn > M,
b, — 2| <e = b, <z+e.
Choose M = max{My, M1}. Then, if n > M, then
r—e<a, <z, <b,<x—€ = |z, —2|<e€

Therefore, {x,} is convergent and lim,,—, . z, = .

Theorem 3

Another way to check that a sequence z,, — z, is stated below:

lim z, =2 < lim |z, — 2| =0.
n—oo n—oo

Hence, we can consider a sequence like the following:

Example 4

Show that o

lim ——— =
n—soon24+n+1




Proof: We have

rﬂ_l‘_ —n—1 ’_ ntl _n+l 1
n2+n+1 n2+n+1 n2+n+1-"n24+n n
Thus, , ,
< nafml‘ﬁiw =l nafml‘o
by the Squeeze Theorem. |

Question 5. How do limits interact with ordering?

Theorem 6

Let {z,} and {y,} be sequences of real numbers. Then,

1. if {z,,} and {y,} are convergent sequences and Vn € N z,, < y,,, then

limy, 00 Tr, < limy 00 Ynr.

2. if {z,} is a convergent sequence and Vn € N < a,, < b, then a < lim, o z, < b.

Proof:

1. Let x = limy, oo z,, and y = lim,,_, o y,. Suppose for the sake of contradiction that y < x. Then, My € N
such that Vn > M,

T —
lyn —y| < 5
And 3M; € N such that for all n > M,
|z, — x| < S
2
Then, if M = My + My > max{My, M1},
yM<%+y=x;y:x—%+x<xM.

However, this would imply that y,; < xj; which contradicts Vn € Nz, < y,.

2. Apply part 1 to proof part 2, by considering y,, = a < z, < b=z, for all n € N.

Question 7. How do limits interact with algebraic operations?

Theorem 8

Suppose lim,, o T, = x and lim,,_, Yy, = y. Then,
1. {zy + yn}n is convergent and lim, oo (2n + yn) = + .
2. Ve € R, {cxy, }p is convergent and lim,, o, ¢z, = cx.
3. {xn - yn} is convergent and lim, oo Tpyn = Y.

4. If Vn € N, y,, # 0 and y # 0, then {z, /yn}» is convergent and

. T,
lim — = —.

Proof:



1. Let € > 0. Then, since x,, — x, 3IMy € N such that Vn > My, |z, — x| < 5- Since y, — y, 3M; € N such
that Vn > My, |y, —y| < 5. Hence, letting M = max{Moy, M}, we get for all n > M,

€ €
\a;n—kyn—(x—i—y)\§|xn—x|+|yn—y|<§+§:e.

2. Let € > 0. Since z,, — x, 3My € N such that Vn > My, |z, — z| < Mﬁ Let M = My. Then, Vn > M,

le|
le] +1

lexy, — cx| = |||y — 2] < e<e

; Ie|
since - < 1.

3. Since ¥, — Y, {yn} is bounded. In other words, 3B > 0 such that Vn € N, |y, | < B. Then,

|1'nyn - $y| = |(xn - x)yn + (yn - y)x|
<|wn — 2lyn + |2]|yn — ¥l
< Blzn — x| + 7| lyn — yl.

Therefore, 0 < |x,y, — zy| < Blz, — x| + |z||yn — y|. Since B|z, — x| + |z||lyn — y| — 0, by the Squeeze

Theorem lim,, o0 |Tnyn — xy| = 0.

4. We prove yi — % We first prove 3b > 0 such that Vn € N, |y, | > b. Since y,, — y and y # 0, IM, € N such

that Vn > My,
[Yyn —y| < %
By the Triangle Inequality, Vn > M,
ly Kl
1< g — 91+ byl < 2 g = 1yl = W
Let b= min{|y1|, e lyngg—1l, %} Then, Vn € N, |y, | > b. Therefore,
1 1 - 1
S E T B S
Yoyl lunllyl byl
By the Squeeze Theorem, lim,,_, ‘yi — %’ = 0. Therefore, lim,, yi = % Furthermore, by the proof

before this (3.), it follows that lim,, (xn . y%) =Z.

Remark 9. By induction, one can prove that

nlgr;o(xn) =z".

Theorem 10
If {x,} is a convergent sequence such that Vn € N, x,, > 0, then {,/z,} is convergent and

lim /z,, = lim z,.
n—oo n n—o0 n

Proof: Let o = lim,, oo Xy,



Case 1:  =0. Let € > 0. Then, since x,, — 0, there exists an My € N such that Vn > My, =, = |z, — 0] < €.
Choose M = My. Then, Vn > M,

IVZm — V0| = VT, < Ve =e.
Case 2: x > 0. We have Vn € N,

Vs~ VE| = [V V2

Vo vE YTV

1
= —F|Tp — X
1/xn+\/5|

|xp — |-

<7

Hence,
0< |V — Vil € Zfo, =3
Vn € N. Hence, by the Squeeze Theorem,
lim |\/z, — Vx| =0.
n—oo
O
Remark 11. Why must we do casework in the above proof?
Theorem 12
If {x,} is convergent and lim,,_,, z, = z, then {|z,|} is convergent and lim,,_, |z,| = |z|.
Proof: Firstly, note that Vo € R, Va2 = |z|. Then,
lim |z,| = hm VaZ = = |z|
n—oo
by the previous theorem. O

Theorem 13
If ¢ € (0,1), then lim,_,o ¢ = 0. If ¢ > 1, then {¢"} is unbounded.

Proof: If 0 < ¢ < 1, we claim that Vn € N, 0 < ¢"*! < ¢® < 1. We can prove this through induction. Firstly,
notice that 0 < ¢ < ¢ < 1 since ¢ > 0 and ¢ < 1. Now assume that 0 < ¢™t! < ¢™. Then, multiply by ¢ > 0 to

obtain

m-+1 (m+1)+1 (m+1).

0O<ec c=c <c™-c=c

By induction, our claim holds. Thus, {¢"} is a monotone decreasing sequence and is bounded below. Thus, {c"}
is convergent. Let L = lim,,_, o, c". We will prove that L = 0. Let ¢ > 0. Then, 3M € N such that Vn > M,
|c" — L| < (1 —¢)5. Therefore,
(1—¢)|L| =|L—cL|=|L— Mt 4 M+ _
<|L — M 4 ¢|c™ — L

< (1—c)§+c(1—c)§ <(1-o)e

Therefore, Ve > 0, |L| <e¢ = L =0.



Now let ¢ > 1. We have to show that VB > 0, dn € N such that ¢ > B. Let B > 0. Choose n € N such that
n > %. Then,
"=0+1Q-e)">1+n(c=1)>n(c—1) > B.

To see why this center inequality is true, see the last theorem shown in Lecture 1. O
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