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TOBIAS HOLCK COLDING

Lecture 4

Theorem: R is a complete ordered Field that contains Q.

S is an ordered set. A non-empty subset A of S is said to have an upper bound if there
exists an M € S such that for all a € A we have that a < M.

Completeness is the property that every bounded non-empty subset has a least upper bound.

We denote by sup A the greatest lower bound of A.

Lower bound: A non-empty subset A is said to have a lower bound if there exists m € S
such that for all a € A we have that m < a.

The greatest lower bound is a lower bound that is greater or equal to all other lower bounds.

Sequences:

V2 can be thought of a limit of a sequence of decimal numbers as follows.

1<14<141<1414---.

A sequence of real numbers is a function f: N — R.
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We usually use the notation a,, = f(n).

Example 1: /2 is the limit of a1 = 1, as = 1.4, ag = 1.41, ay = 1.414 etc.

Example 2: a,, = (—1)". This sequence has NO limit. The a,,’s alternates between —1 and
1.

Example 3: The sequence a,, = % has zero as its limit.

Limit: Let a, be a sequence and a a real number. We say that a,, converges to a if for all
€ > 0, there exists an N € N such that if n > N, then

la, —a|] <e.

If this is the case, then we also say that a is the limit of the sequence and we say that the
sequence is convergenet.

A sequence that is not covergent is said to be divergent.

Example:
0.999999999--- =1.

What does the left hand side mean?

Define a sequence a,, as follows: Set

a; =0.9,
as =0.99,
az = 0.999,

ay = 0.9999 ,

ete.

The left hand side above is then defined as the limit of the sequence a,,.
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Claim:

lim a, =1.
n—oo

Proof. We need to show that for all € > 0, there exists an N € N such that for n > N we

have that
la, — 1] < €.

By the Archimedean property we can choose N such that ]lv < €. We also have that

la, — 1| =107".
Therefore, for n > N we have that
1 1
a,—1|=10"< - < —<e
| | - <y
This proves the claim. 0
Theorem If a, is a , then the set {a,} is a subset of R.
Proof. Since a,, is convergent to a we can find N such that for n > N we have that
la —a,| < 1.
Note also that the set {aj,- - ,ay_1} is bounded so there exists C' € R such that for
n=1,---,N —1 we have that
la,| < C'.
To see that the larger set {a,} is bounded we will use that for n > N
|an| < la] + |an —af <a]+1.
From this we have that for all n
la,| < max{C, |a| +1}.
O
Basic algebraic properties of limits:
Theorem Suppose that a, and b, are convergenet sequences with lima, = a, limb, = b

and C € R, then

) ¢n = Cay, is convergenet and lim,, ., ¢, = C a.
2) ¢, = ay + b, is convergent and lim,,_,,, ¢, = a + b.
3) ¢, = ay b, is convergent with lim,, ., ¢, = ab.
4) If b, #0,b# 0 and ¢, = ‘Z:, then ¢, is convergent and lim,, ., ¢, =

(1
(
(
(

Salls]
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Proof. (of the first property.) If ¢ = 0, then the claim is obviously true so we need only show
the claim for C' # 0. Given € > 0, there exists an N such that if n > N, then
€

m .

la —a,| <

Multiplying both sides by |C| gives that
ICa—Cayl <e.

for n > N. This show the first property.
(Of the second of these properties.) Observe that

|en = (a4 b)| = [an + by = (@ + b)| = |(an — @) + (bn = b)| < fan — af + |b, — O]

Since a,, — a, given € > 0 we can find a N, such that if n > N,, then
€
la, —a| < 7"

Likewise since b,, — b we can find N, such that if n > N, then
€
b, —b| < =.
bu bl < ¢

We now set N = max{Na, N,} and observe that if n > N, then
€

€
|cn—(a+b)|§|an—a|—|—|bn—b|<§+2

= €.

This proves the second property.
(Outline of how to show the third property.) To prove the third property we will use that

lab—anb,| <lab—a,b|+ |anb—a,b,| = b |a — an| + |an||b — by|.
We then combine it with the theorem above that show that the set
{lan||n € N}

is bounded. This is the main idea of the proof of the third property. There are the details
to fill in to make it a proof.

(Outline of how to show the fourth property.) To prove the fourth property we will assume
that a, = 1. The general case indeed will follow from this together with the third property.
We will use that

1 1 |b — by
by b (bl [ba]

together with that

|bn| < [b] 4 |6 — 0] -
and therefore

|bn| = [b] — [b — b].

We then want to use this to bound the denominator (when n is sufficiently large) from below
in

‘b — bn|
1] [bn]
Like for the third property there are details to fill in but these are the main ideas. 0
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Subsequence:

Example 1: Suppose that a, = (—1)".

This is a sequence of 1’s and —1’s that is alternating between —1 and 1.
The sequence b, = 1 for all n is a subsequence.

Another subsequence is where ¢, = —1.

Also the sequence ¢, = (—1)""! is a subsequence of a,,.

Another example of a subsequence is

]-7 17 _]-7 _]-7 17 17 _17 _17 e

Example 2: Suppose a,, = n. So a, is:
1,2,3,4,5,6,-- .
The sequence of increasing odd numbers
1,3,5,7,9,--- .

is a subsequence.
The sequence of increasing even numbers

2,4,6,8,10, - .

is another subsequence.
The sequence

1a1727273a374747575”' )
is NOT s subsequence.

Formel definition: Recall that a sequence a, is a function f : N — R where we set
a, = f(n). A subsequence b, of a, is a composition of functions f o g where g : N — N is a
strictly increasing function. So b, = f(g(n)). Sometimes a subsequence of the sequence a,
also denoted by a,, .

Theorem: A sequence a,, is convergent with limit a if and only if all subsequences of a,, are
also convergent with limit a.

Proof. We need to show two implications.

First we need to show that is all subsequences of a, are convergent with limit a, then
the sequence a,, is convergent with limit a. However, this is trivially so since a,, itself is a
(trivial) subsequence of a,,.

Next we need to show that any subsequence of a convergent sequence is convergent with
the same limit. Suppose therefore that ¢ > 0 is given and choose N so large so that for
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n>N
la, —al <e.
For k > N we have that ny > k& > N and therefore
lan, —al <e.

This proves the second implication.
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