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TOBIAS HOLCK COLDING

Lecture 20

Application of integrals: arclength.

Suppose that f and ¢ : [a,b] — R are differentiable functions and their derivatives are
continuous, then we define the arclength of the curve

s = (f(s),9(s))
by

L= [ VIO + g6 ds.

Example 1: Suppose that f(s) = s and g(s) = s?, then f' =1 and s’ = 2s. Therefore, the
arclength of the curve (s, s?), where s € [0, 1] is

1 1
:/ \/1—1—(23)2(15:/ V1+4s2ds.
0 0

Question: How do we define angle?

Answer: We define it through arclength.

On the unit circle

{(z.y)|2* +y* =1}
we define angle and the arclength. That is, suppose that (z,y) lies on the unit circle. The
angle 0 between (1,0) and (x,y) is the arclength of the part of the unit circle from (1,0)
o (x,y). This part of the circle is parametrized by (f(s),g(s)) = (s,V1 — s?) and where
x < s<1. Since f'(s )—1andg = we get that

0 = ds =

1—32
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The function arccos x is defined by

1
1
arccosr = ——ds.
/z V1—s2

By the fundamental theorem of calculus we see that
1

i

arccosr = —

Pointwise convergence: Suppose that f, is a sequence of functions on an interval I, then
we say that f,, convergences pointwise to a function f if for all x we have

fu(@) = f(x).

Example 1: Suppose that f,(x) = z™ on [0, 1], then f, converges pointwise to f where

fz) =

0 ifo<z<l1
1 ifx=1.

Suppose first that 0 < x < 1, then f,(z) = 2™ — 0. If x = 1, then f,(z) = 1 for all n and
so fn(x) — 1. This show the claim.

Example 2: If E,(z) =Y 7, %, then FE,(z) — exp x pointwise. We have already proven
that the radius of convergence for the power series

2

k=0

is infinity. From this the claim follows.

Uniform convergence: Suppose that f, is a sequence of functions on an interval I, then
we say that f, convergences uniformly to a function f if for all € > 0, there exists an N such
that if n > N, then for all x

|f (@) = falz)] <e.

Lemma 1: Suppose that [ is an interval and f,, is a sequence of functions on I that converges
uniformly to a function f, then f,, also converges pointwise to f.
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Proof. This is immediate from the definition of uniform convergence. U

Example 1A: Suppose again that f,(x) = 2™ on [0, 1], then f, converges pointwise but
NOT uniformly to f where
0 ifo<z<l1
-]

1 ifz=1.

To see this observe that for each n,since f,, is continuous by the intermediate value theorem
there exists =, with 0 < x,, < 1 such that f,(x) = % It now follows that

% = |f(@n) = fulwa)| < sup |f(2) = ful.

z€[0,1]

Thus we see that the convergence is not uniform. We already saw in Example 1 that the
convergence is pointwise.

Example 2A: If E,(z) =Y ;_, ’;;—T, then E,(x) — exp z uniformly on any interval of the
form [—L, L]. This will be a consequence of of Weirstrass M-test that we will discuss next.

Lemma 2 [Weirstrass M-test]: Suppose that [ is an interval and f,, is a sequence of functions
on I. Suppose also that M, is a sequence of non-negative numbers with

| fu(z)| < M, forall z € I.

If the series

converges, then the sequence of functions
Sulw) =) filx)

converges uniformly.

Proof. For each fixed x we have that that the sequence

> ful@)

converges. Moreover, we have that for all x and m < n we have

[Sn(@) = S (@) < | fu(@)] + [foa(@)| + -+ [fa ()] < My 4 -+ 4+ Moy
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For m fixed and since S, (z) — S(x) it follows that

[S(x) = Sm(@)] < )

M, .

k=m+1

Since ), _, M}, is convergent it implies that given e > 0, there exists NV such that if m > N,

then >~ ., My < e. Therefore, for m > N and all =

|S(z) — Sp(x)] < €.

This proves the claim.

Example 2A: On the interval I = [—L, L] suppose

n

T
fn = 1
n!
Then
L'fl
n!
Since

Ln
20

is convergent Weirstrass M-test gives that the series
[ee]
> fn
n=0

converges uniformly on /.

Theorem: If
S o
k=0

is a power series and R is its radius of convergence.
(finite) interval of the form [—L, L] where L < R.

Proof. Recall that if M = limsup,,_,. ]anﬁ, then the radius of convergence is R =

follows that if |z| < L < R, then

Then it converges uniformly on any

1
LTt

limsup|anx”|% = |z| limsup|an|% <LM<1.

Choose 1 > o > L M. For n sufficiently large |a, " < M,, = o". Since the geometric series
>, a" is convergent, Weirstrass M-test gives the claim. 0
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Example 3: The geometric power series
oo
>
k=0

converges uniformly to - on all intervals of the form [—L, L] where L < 1. Since the radius
of convergence of the power series is one the claim therefore follows from the theorem above.
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