Problem Set 3

Problem 1 (10pt). Let x < y be two real numbers. Show that there exists a rational
number r € Q such that x <r < y.

Hint: Use the Archimedean property. You can also use the following fact. Suppose S is a
non-empty subset of Z which is bounded from above. Then S has a maximum element.

Problem 2 (20pt). Let E be an non-empty subset of R which is bounded. Define
F:={2* |z € E}.
Show that sup F exists and that sup F' = max{(sup E)?, (inf E)?}.

Problem 3 (10pt). Let E be an non-empty subset of R which is bounded from above.
Show that there is a sequence a,, such that a,, € E and lim a,, = sup E.

n—oo
Hint: Show that for all € > 0, there exists a € E such that a > sup E — e.

Problem 4 (15pt). Let a; = 4 and define a,, inductively by

for n > 2.

anp =4 —
an—1

Show that lim a, = 2.
n—oo

Hint: Show that a, > 2 and that a, is monotone decreasing.

Problem 5 (20pt). Let T': R — R be a contraction map and x € R be a number. Define
a sequence a, by requiring a; = x and a,+1 = T(ay).

(1) Show that for any m € N, |a1 — am| < 135|a1 — as|

(2) Show that a, is a Cauchy sequence.
You can find the definitions of a contraction map and of a Cauchy sequence on the next
page.
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Definition 1. A map 7' : R — R is called a contraction map if there exists A € (0,1) such
that
|T(z) —T(y)| < Az —y| for all z,y € R.

Definition 2. A sequence a, of real numbers is called a Cauchy sequence if for all € > 0
there exists N € N such that |z, — z,,| < € for all n,m > N.

Theorem. Fvery Cauchy sequence of real numbers converges.
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