MATH 18.102/18.1021 Assignment 5

Assignments are to be submitted to Gradescope by 24:00.

1. (a) Prove that if £ and F' are measurable sets then
m(EUF)+m(ENF)=m(E)+m(F).

(b) Prove continuity from below for Lebesgue measure: if {FE,}>°, is a countable
collection of measurable sets, m(FE;) < oo and

ElDEQD"',

then
m kml k) %nh_)rgo m(E,).

2. Suppose that E is measurable, and f : F — [—00,00] and g : E — [—00, 00| are
measurable.

(a) Prove that fg is measurable (where (4+00)(—0c0) 1= —o0, (£00)(Fo0) = +00,
and (£o0) -0 :=0).
(b) Let a € R. Define h: E — [ — 00, 0] via

. it £(z) = —g(w) = o0,
W) {((a:)—l—g(x) otherwise.

Prove that h is measurable.

3. (a) Suppose that E and F' are measurable sets and f : EU F — [—o0,00]. Prove
that f is measurable if and only if its restrictions f|g and f|r are measurable.

(b) Suppose that F is a measurable set and f : E — [—00,00]. Let g : R — [— 00, o0
be the extension of f by zero:

() fzekFE,
€Tr) =
9(@) {( if x € E°.
Prove that f is measurable if and only if g is measurable.
(c) Suppose that E is a measurable set, and u : £ — R and v : E — R are measurable.

Prove that (u? + v?)1/2 is measurable.

4. Suppose that F C R is a measurable set such that m(F) < oo, and suppose that
fn: E — R is measurable for all n, f : E — R is measurable and lim,,_,, f(x) = f(x)
a.e. on F.
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(a)

For k,n € N, let

o

Fu(k) = (J{z € B[ |fu(e) = f(2) = k")

Prove that lim,,_,, m(F,(k)) = 0.

Hint: Show that N2, F, (k) is a set of measure zero, and appeal to Problem 1
(b).

Let € > 0. By part (a), for k € N, there exists nj, € N such that m(F,, (k)) < 27%e.
Let F' = U2 | F,, (k). Prove that m(F) < € and f,, — f uniformly on F°. This
result is known as Littlewood’s second principle: every convergent sequence of
measurable functions is nearly uniformly convergent.
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