MATH 18.102/18.1021 Assignment 3

Assignments are to be submitted to Gradescope by 24:00.
1. Let M C £* be the subspace

M = {a = {ap}r € 0| I}erolo ay, exists }

(a) Define u: M — C via

u(a) = lim ag, a€ M.

k—o0

Prove that u is a bounded linear functional on M.

(b) By the Hahn-Banach theorem, there exists v € (¢*°)’ such that v|y; = u . Prove

that there is no b = {by}s € ¢! such that for all a € ¢

Cl) = Z akbk.
k=1

Hint: Towards a contradiction, suppose that there exists b = {b,}, € ¢* such that
for all a € £, v(a) = ), arby, and consider v(e,) where e, = {0, }r € €.

2. Suppose that V and W are normed vector spaces and T € B(V, W).
(a) Define TT: W' — V' by

T'f:=foT, feW.

Prove that TT € B(W’, V') and ||T7|| = ||T||. T is called the adjoint or transpose
of T

Hint: First show that ||TT|| < || T||. To show the reverse inequality, let = € V with
|z|]| = 1. A corollary of the Hahn-Banach theorem proved in lecture provides an
element f € W’ such that ||f|| =1 and f(T'z) = ||Tz||. Use this fact to show that
IT) < 1T

Let 1 < p < oo. For a = {ay}, define the right shift of a to be the sequence
{Ra}y :={0,a1,a9,as,...}.
Prove that R € B(¢?, (") and compute || R]|.

Let 1 <p<ooand1/p+1/g=1. Recall from Assignment 1 that we can identify
(/P) with ¢7 via “pairing”: f € (¢?) if and only if there exists b € ¢ such that
for all a € ¢7

00
- E akbk7
k=1

and moreover, ||f|| = ||b|,- With this identification of (/7)" with ¢, compute
{(RTb)i}x in terms of b = {by}, € ¢9. For example, if b = e; = {1,0,0, ...}, then
for all a € ¢7

iRa (1) = Ra)l—O—Zak 0,
k=1 k=1

so Rfe; = {0}, =0 € ¢4,
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3. Let E C R and z € R. Prove that if E+ 2 :={y+ 2z |y € E}, then
m*(E +z) = m*(E).
[Thus, outer measure is translation invariant.|

4. This exercise shows that every open set can be written as a countable union of open
intervals. Let U C R be an nonempty open set. For x € U, define

a, :=inf{a e R| (a,2] CU}, b, :=sup{b e R | [z,b) CU}.

(a) Prove that for all x € U, (ay,b,) C U.
(b) Prove that if z,y € U and y € (a4, b,) then (ay,b,) = (ay, by).
(c) Prove that

U= | (agb,).

qeUNQ

Hint: Recall that Q is dense in R: for all real numbers ¢ < d there exists r € Q
such that ¢ < r < d.
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