April 22, 2021

Last time, we discussed orthonormal bases, considering the concrete question of whether complex exponentials formed
an orthonormal basis for L?([—7, m]). Today, we'll go back to a general discussion of Hilbert spaces, and the rest of
the course from here on will be general theory and some concrete applications to particular problems.

Our first topic today will be length minimizers: recall that we can describe a norm on V/W for subspaces of a
normed vector space, and we did so via an infimum. It makes sense to ask whether this minimal distance is actually

achieved:

Theorem 178
Let C be a nonempty closed subset of a Hilbert space H which is convex, meaning that for all vi, v» € C, we have
tvi + (1 — t)w, € C for all t € [0,1]. Then there exists a unique element v € C with ||v|| = inf,cc ||u]| (thisis a

length minimizer).

The convexity condition can alternatively be stated as “the line segment between any two elements of C is contained
in C.” And to connect this with our discussion earlier, one such example of a set would be v + W for some closed

subspace W of C and some v € H.

Remark 179. The condition that C is closed is required: for example, we can let C be an open disk outside the origin,
in which case the minimum norm is not achieved (because it's on the boundary). And convexity is also required — for
example, otherwise we could take the complement of an open disk centered at the origin, in which case the minimum

norm is achieved on the entire boundary.

Proof. We should recall that a = inf S if and only if a is a lower bound for S, and there exists a sequence {s,} in S
with s, — a. If we let d = infuec ||ul], this is some finite number because norms are always bounded from below by 0,
and C is nonempty. So there exists some sequence {u,} in C such that ||u,|| — d.

We claim that this sequence is actually Cauchy. To see that, let € > 0 — because of convergence of ||u,|| to d,
there exists some N so that for all n > N, we have

€2
21| < 247 + -

Then for all n, m > N, the parallelogram law tells us that

2
Up+ Um

||Um_Un||2:2||Um”2+2||un”2_4 2

and now because HTU'" lies on the line segment between u, and u,, (taking t = %), convexity tells us that it is also in
C. Therefore, | quTUWH2 > d?, and thus

2 2
e €
[tm — tp]|* < 2||um|]? = 2d° 4 2||ua||? — 2d° < ) + ) =¢?

by our choice of N, and taking a square root shows that the sequence {u,} is indeed Cauchy. Because our Hilbert
space is complete, this means that the sequence also converges, and thus there is some v € H such that u, — v, and

v € C as well because our subset C is closed. So now continuity of the norm tells us that
[lv[l = lim [[un]| = d,
n—oo

and thus we've found our minimizer v € C. To show uniqueness, suppose that v,V are both in C and have norm d.
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Then the parallelogram law tells us that

2

VEVIE cog? 4 0d? — ad? =0,

v = VI* = 2|lv[]* +2[[VI]* — 4

‘”2“7 is also in C by convexity, and thus we must have v - v =0 = v =V. O

again using that

We'll obtain some important consequences from this result — the first one is how to decompose our Hilbert space

using a closed linear subspace, much like we usually like to do in R" and C".

Theorem 180
Let H be a Hilbert space, and let W C H be a subspace. Then the orthogonal complement

Wt={ueH:{(uw)=0 VYweW}

is a closed linear subspace of H. Furthermore, if W is closed, then H = W & W=; in other words, for all u € H,

we can write u = w + w= for some unique w € W and wt € W+))

A picture to keep in mind is the case where H is R and W is the x-axis — then W+ would be the y-axis, and we're
saying that all elements can be broken up into a component along the x-axis and a component along the y-axis.

Proof. Showing that W+ is a subspace is clear, because if (u1, w) = 0 and (up, w) = 0 for all w € W, any linear
combination of u; and wu, will also be orthogonal to all w € W by linearity of the inner product. Furthermore,
W N W+ = {0}, because any element w € W that is also in W+ must satisfy (w, w) =0 = w = 0.

To show that W+ is closed, let {u,} be a sequence in W+ converging to u € H. We wish to show that (u, w) =0
for all w € W, so that u € W as well. Indeed, by continuity of the inner product, we have

(u, w) = lim {u,, w) = lim 0 =0,
n—oo n—oo

so that our sequential limit is also in our subspace W+,
It remains to show that H = W @ W= if W is closed. The result is clear for W = H, since W+ = {0} and
H = H & {0} is a trivial decomposition. Otherwise, if W # H, then let u € H\ W (that is, u is in H but not W), and
define the set
C=u+W={u+w:weW}

This set C is nonempty because it contains v, and it is convex because for any two elements v+ wy, u+ ws € C (for

wy, wo € W) and for any t € [0, 1], we have
tlu+wm)+ (1 —-t)(u4+w)=(t+1-t)u+twmi+ (1 -t =u+ (twy + (1 — t)wn)

and the last term is in W because subspaces are closed under linear combinations. So we now need to show that C is
closed: indeed, if u+ w, is a sequence of elements in C that converge to some element v € H, we know that

U+w, —>v = w, > V—1U,

and because W is closed, w, must converge to some element in W. Thus v — u € W, and thus v = u + w for some
w € W, which is exactly the definition of being in C. So C is indeed closed.
So returning to the problem, if we want to write an element u of H as a sum of a part in W and a part in W+, it

makes sense that our component in W+ will be the minimizer to C (keeping the R? example from above in mind). So
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applying Theorem 178, because C is closed and convex, there is some unique v € C with
[lv|]| = inf ||c|]| = inf [lu+ w]].
ceC wew

. Since v € C, we know that u— v € W, so we will write u = (u— v) + v. Our goal is to show that v € W+, and we
do this with a variational argument (in physics, this is the Euler-Lagrange equations, and it is another way of phrasing
properties of the infimum). If w € W, define the function

f(t) = ||v+ twl|]®> = ||VI|? + t?||w]||* + 2tRe(v, w),

which is a polynomial in t. We know that f(t) has a minimum at ¢t = 0, because all elements of the form v + tw are

in C, and we know the minimizer of norm uniquely occurs at v. So f’(0) = 0, and thus
2Re(v, w) = 0.

So the real part of the inner product is zero, and now we can repeat this argument but with ||v + itw]|| instead of
[|v + tw]|, which will show us that
Re(v, iw) = Im(v, w) = 0.

Therefore, (v, w) = 0, and since this argument was true for all w € W, we must have v € WL, It remains to show that
this decomposition is unique, and this is true because W N W+ = {0}: more specifically, if u= w; + WlJ‘ =wy + W2J‘,
that means that w; — ws = W2J‘ — Wf‘ is in both W and W+, and thus both sides of this equation are 0. So wy = ws

and wi- = wy", showing uniqueness. O

The following result is left as an exercise for us:

Theorem 181
If W C H is a subspace, then (W=)+ is the closure W of W. In particular, if W is closed, then (W+)+ = W.

Now that we have this decomposition u = w 4+ w for our subspace W, we can construct a map which takes in u
and outputs w. If we use the R? example from above, we can see that this map is a projection onto the x-axis, and

more generally we can make the following definition:

Definition 182
Let P: H — H be a bounded linear operator. Then P is a projection if P2 = P.

Proposition 183
Let H be a Hilbert space, and let W C H be a closed subspace. Then the map My : H — H sending v = w + w=

(for w € W, wt = W) to w is a projection operator.

Proof. First, we show that Ny, is linear. Indeed, if vi = wy + WlL and vo = wp + W2i, and we have X1, A» € C, then
ALV + Aovn = (>\1W1 + >\2W2) + ()\1W1L + >\2W2L).

The two terms on the right-hand side are in W and W, respectively, by closure of subspaces under linear combinations.
So My (A1va + Aava) = Aywy + Aows, which is indeed A1 My (v1) + A2y (v2), as desired. We can also see that My is
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bounded, because when v = w + w,
IVIP = [lw + wh | = [[w]]® + [|wel]? > [w]]?

(since the inner product cross term is zero when (w, wt) = 0). Therefore, ||y (v)|| < [|v||, and the operator norm

is at most 1. And now we just need to check that I'I\Q,V =My: if v=w + wt, then My (v) = w, and then

M (Mw (v)) = M (w) = w = My (v),
and since this is true for all v, we have M3, = My, as desired. O

Our next application of length minimizers will be the following important result:

Theorem 184 (Riesz Representation Theorem)

Let H be a Hilbert space. Then for all f € H’, there exists a unique v € H so that f(u) = (u, v) for all u € H.

In other words, every element of the dual can be realized as an inner product with a fixed vector. We've seen
something similar before when we proved that the dual of £ is identified with £9 (for % + % = 2) via a pairing, and
the p = g = 2 case is the example relevant to Hilbert spaces.

Proof. If such a v exists, it is unique, because f(u) = (u,v) = (u, ¥) = 0, then (u,v —V) =0 for all u € H. Setting
u=v —Vtellsus that v — v = 0. So we just need to construct such a v that works.
The easiest case is f = 0, because in that case, we take v = 0. Otherwise, there exists some u; € H so that

f(u) # 0, and we take vy = % so that f(up) = 1. We can then define the nonempty set
C={uecH:f(u)=1}=rFf1{1}),

which is closed because f is a continuous function, {1} only has one element so is closed, and the preimage of a closed
set by a continuous function is a closed set. We claim that C is convex: indeed, if vy, u» € C and t € [0, 1], then

F(tun +(1— ) = tF(m) + (1 — )F(u) =t-1+(1—1t)-1=1,

so that tu; + (1 — t)us is also in C. So now by Theorem 178, there exists vo € C so that vy = infuec ||u]|, and we
define v = H\)’ﬁ (noting that vp # 0 because the infimum is not 0).
We claim that this is the v that we want; in other words, let's check that f(u) = (u,v). Indeed, if we let
N = f~1({0}) = {w € H: f(w) = 0} be the nullspace of f, then we can check that C = {vy + w : w € N} and that
[[vol| = infwen |[vo + w]||. So by the argument that we made earlier in Theorem 180 using ||vo + tw|[?, vo € N*, and
now for any w € H,
flu—f(u)vg) =rF(u)—f(u)f(v)=0

by linearity of f, and thus u = (u — f(u)vo) + f(u)vp is a sum of a component in N and a component in N*t.

(0,4) = T 10) = oo (= F(0)v0), ) + F(0) o, )],

The first term here has u — f(u)vg € N and vy € N, so that inner product is zero, and we're left with

(vo. Vo)
|[vol[?

= (et = (),
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as desired. So we've found v (a scaled version of the minimizer) so that f(u) = (u, v) for all u, concluding the

proof. O

We'll study adjoint operators next time — we defined it as a map from dual spaces to dual spaces, but because we
can identify dual spaces of Hilbert spaces with themselves, adjoint operators will be essentially regular operators, and
we'll soon see how they relate to solving equations on Hilbert spaces and why they are the analogs of the transpose

matrix in finite-dimensional linear algebra as well.
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