MIT 6.7220/15.084 — Nonlinear Optimization Spring 2025

Problem Set 3

Due: Apr 1t 2025 11:59pm ET

Instructions. This problem set is due after the midterm, but solving it will be helpful
for the midterm. While we will release the solutions after the midterm, you are
encouraged to go to the office hours to verify your solutions. The total number of

points is 100.

Collaboration policy. We encourage working together whenever possible: in the recita-
tions, problem sets, and general discussion of the material and assignments. Keep in
mind, however, that for the problem sets the solutions you hand in should reflect your
own understanding of the class material, and should be written solely by you. It is not
acceptable to copy (in whole or in part) a solution that somebody else has written.
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1. KKT conditions and Farkas lemma [20pts]

Consider a general optimization problem with functional constraints

min f(x)

zeR™

s.t. g;(z) <0
h:(z) =0

i()

where f and all g;, h; are differentiable functions from R™ to R.

(1.a) [15pts] Let * be a minimizer of the problem and define the index set of the active
constraints I(z*) = {i € {1,...,m} : g;(x) = 0}. Show that there exists \* € R?
and p* € R" that satisfies KKT conditions:

A >0, 1=1,...,8
/\;,kgz<x*):07 Z=1,' ;S
Vi) + Y XiVg(a)+ Y uiVhi(z') =0
i€l(z*) Jj=1
if and only if

{d e R": (Vf(z*),d) < 0}
N{d eR": (Vy,

i(z7),d) <0,i € I(z")}

N{deR": <th(m*),d> =0,j=1,...,r} =0
» Hint: Use the Farkas Lemma.

Solution. For simplicity, we assume I(z*) = {1,2,...,s} (since for ¢ ¢ I(z*),
we can simply set Ay = 0). We denote [, as the identity matrix of size k and

04, . as the k; x k, matrix with all entries being zeros. We further define
1 2

*V91(35*)T*
A= : € R#*n
— Vg (z%)—
thl(x*)Tf
B = : € R™"
T
7Vhr($*) -

Note that the KKT conditions can be equivalently written as

AT BT \* —Vf(x*)
AT BT ( ) <| Vi@
715 Osxr a 0
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By Farkas Lemma, we know that one of the following options is true: the KKT
conditions hold; or there exists a vector y = (y;,¥s,¥y3) = 0 such that

A—A —I\([Y) (o
B-Bo,. )] o
Ys
and
x\ T *\ T
—Vf(z*) y + Vf(z*) y, <0

Note that y, —y; can be any vector in R", and any vector in R"™ can be
written as the difference between two positive vectors. We set z = y, — y; and
reformulate the previous condition as: there exists z € R™ such that

Az = —y; <0, Bz =0, Vf(m*)Tz <0
By the definitions of matrices A and B, this is clearly equivalent to
ze{deR" | (Vf(z*),d) <0}
N{d e R" | (Vg,;(z*),d) <0,i e I(z*)}
N{d e R" | (Vh;(z*),d) =0,j=1,--,7}
Therefore, we obtain that the KKT conditions hold if and only if
{d eR" | (Vf(z*),d) < 0}
N{d e R" | (Vg,;(z*),d) <0,i € I(z*)}
N{d e R" | (Vh;(z*),d) =0,j=1,--,r} =0

(1.b) [5pts] Suppose all the g;(z), i € {1,..., s}, are concave functions, and all h;(z),
j€{l,...,r}, are affine functions. Let z* be a minimizer of the problem. Use
Problem (1.a) to prove that the KKT conditions hold at z*.

Solution. For any vector d that satisfies the conditions
(Vg;(z*),d) <0, i€ I(z*)
(Vhj(z*),d) =0,  j=1,-r.
The point z(t) = z* + td is feasible for ¢ > 0, since
gi(z" +1d) < g;(z") + {(Vyg;(2*),d) <0,

because g; is a concave function and

hj(z* + td) = h;(z*) + (Vh;(z*),d) =0
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because h; is an affine function. Since z* is a minimizer of the problem, we have

(Y F(), d) = tim LE =@

t—0+ t B

Therefore,
{deR" | (Vf(z*),d) <0}
N{deR™ | (Vg;(z"),d) <0,i € I(z")}
N{deR" | (Vh;(z*),d) =0,j=1,r} =0

and it follows from Problem (1.a) that the KKT conditions hold. <
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2. SOCP formulation [20pts]

A set S C R" is said to have a SOCP formulation if there exists matrices A; and it can
be written as

S = {.’E ER™: Az + b, < c; x +d;,for i = 1,2,...,m}

where A, € RPi*™ are given matrices, b; € RPi and ¢; € R™ are given vectors, and d; €
R are given scalars. A set S € R" is said to have a lifted SOCP formulation if there
exists m > 0 and S’ € R™™ with SOCP formulation such that

S={zeR":JyeR™ st. (z;y) €S}
i.e., S is the projection of S” onto the first n dimensions.
(2.a) [5pts] Prove that for any G € R™*™ and f € R™, the linear constraints
S={zeR":Gx < f}
has a SOCP formulation.
Solution. Take A, = 0 and b, = 0, we obtain the linear constraints
0<clz+d, for i=1,2,..,m.

Hence, the set of linear constraints has a SOCP formulation. <

(2.b) [5pts] Show that the cone
S = {(m,y,z) € R‘;O cx? < yz}
has an SOCP formulation.
Solution. Note that yz = W. Thus,
S ={(z,y,2) € R}| 2% < yz}
= {(z,y,2) €R} [ 42 + (y — 2)* < (y + 2)*}
= {(z,9,2) e R} | V422 + (y—2)? <y + 2}
= {(ﬁ,y,z) ER3 | VAx2+ (y—2)2<y+2 0<z, 0<y, 0§z}

which gives the desired SOCP form as A, = (0 0 0) for i =1,2,3, A, =
(3 ; 03, b, =0 for i=1,2,34, ¢F=(100), I=(010), cl=(001),

cF'=(011)andd, =0 fori=1,2,3,4. <
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(2.c) [5pts] If both Sy, S, € R™ have lifted SOCP formulations, show that S; NS, also
has a lifted SOCP formulation

Solution. If S| and S, have lifted SOCP formulations, then there exists
my,my > 0 and S € R™ and S € R™"2 such that

S, ={z eR" JyeR™ st. (z;y) €S;}
Sy ={z e R"| 2z € R™ s.t. (z;2) € S3}.
S;NSy={zeR"” JyeR™, ze R s.t. (z;y) € 51, (x;2) € S5}
Define
S1" ={(z,y,2) € R" X R™ x R™2[ (z;y) € S1}
Sy ={(z,y,2z) € R® x R™ x R™2| (z;2) € S5}.
With this definition, the intersection of S; and S, can be rewritten as:

S NSy ={zeR" I(y,2) e R”™*™2 gt (z,9,2) € S7 NSy}

Hence S; NSy has SOCP formulation. <

(2.d) [5pts] If k = 2! with some t > 1, prove the set
S = {(x7y17 7yk) € RI;(SI : wk < y1y2"'yk}
has a lifted SOCP formulation.

Solution. We show the result by strong induction. We showed the base of
induction for t = 1 in (2.b). Given

S ={(z,y1, ) €RYT | ¥ <y}
and
S, = {(m,ka, ---’yzk) € Riﬂ | ak < yk+1"'y2k}a
we define

S = {(:c,yl,...,y%,a, b) € R-Ifj_l | ((1, yla"'7yk) € Sl7

<b7yk+17 "'7y2k:> € Sm
x? < ab}.

The set S has a lifted SOCP formulation and since
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2 < ab,

a* <y, ..y, and

O < Ypsr Yo
hold, it must be that 2% < y;...y,.

Now if we lift the last two elements, we end up with a lifted SOCP formulation

for t + 1, concluding the proof. <
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3. Dual cones [20pts]

Recall that for a closed convex cone K C R", its dual cone is defined as
K*={ueR":(u,x) >0, Vre K}

(3.a) [10pts] Let K be the Lorentz cone, ie. K ={(z,2) ER" ' xR : |z|, < z}.
Prove that K* = K.

Solution.
Direction 1: K C K* For any (z, z), (y,w) € K, we can write
((z,2), (y,w)) = (z,9) + 20 > —[z]5 ]yl + 2w

from Cauchy-Schwarz inequality. Note that since (z, 2), (y,w) € K, |z|, < 2
and |y|y < w. Hence,

(@, 2), (y,w)) = (z,9) + 2w = —[z[]y[> + 2w > 0.
Thus, every (y,w) € K is also in K*.
Direction 2: K* C K
Let (y,w) € K*. Then from the definition of dual cones, V(z, z) € K,
((y, w), (z,2)) = (y,x) + zw > 0.

Observe that (0,1) € K since it satisfies |0y =0 < 1. If y = 0, then (y,z) +
zw = w > 0 from the definition of the dual cone. Hence w > |y|, = 0. If y #
0, pick (z,2) = (—m, 1). Since this choice of (z, z) satisfies the Lorentz cone
definition, we must have the following for (y,w) to be in the dual cone of K.

(), (~1) ) =l +w >0,

And thus, w > |y|5. Then every (y,w) in K* is also in K. <

(3.b) [10pts] Let K be the semidefinite cone, i.e. K ={A €S":a"4a >0 Vae€R"}.
Prove that K* = K.

» Hint: The inner product on matrices is defined as the trace of the matrix product i.e.,

(A, B) = tr(ABT).

Solution. Observe that
(A,B) =tr(AB") = tr(AB),

Since all matrices we deal with are symmetric.
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Direction 1: K C K* Given any X € K, forall Y € K we have that X = UTU
and Y = VTV for some matrix U and V. In particular, U is the root of the
eigenvalue matrix times the eigenvector matrix or the Cholesky decomposition.
This implies that

(X,)Y)=tr(UTUVTV)=tx(UVTVUT) = (UVT,UVT) > 0.
Thus X € K*. Note that we used the fact that tr(AB) = tr(BA).

Direction 2: K* C K Suppose X € K*, let U (DiagA\X)U be the spectral
decomposition of X. Since Y, = U Diage,;U is PSD, it must be that (X,Y}) =
(AX), is non negative which implies that X € K as all of the eigenvalues of
X must be nonnegative.
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4. Equilibrium configuration of a mechanical system [20pts]

We consider a mechanical system that consists of N nodes at positions z, ...,z € R?
with node ¢ connected to node i +1 for i =1,2,..., N — 1, by a nonlinear spring. The
nodes z; and z are fixed at given values a € R? and b € R? respectively. The tension
T in spring ¢ is given by

T, = k(”% _Ii+1”2 _l0>+

for some constants k > 0 and I, > 0 with z, = max{z,0}. Each node has a mass of w,
attached to it. The problem is to compute the equilibrium configuration of the system,
i.e., to solve the following optimization problem:

2
min YN wie;xi+25\’;1§(<“$imi+1||2l0)+)

(:El:-“’zN)eRz
s.t. x, = a, zn =0,
where e, := (0,1).
(4.a) [10pts] Express the problem as a conic optimization problem.

» Hint: You need to write a minimization problem where the objective is linear and has
e linear e.g. Ax > b, or
o second order conic e.g., ¢t +d > |[Az + b||,

constraints.

Solution. Observe that t > (y), is equivalent to t > y and ¢ > 0. Furthermore,
note that s > t? is equivalent to (s +1)2 > (s —1)2 + (2¢t)? and s > 0 or s +
1> (s —1,2t) "],

So we have

. N T N-1 g
min Zizl wi€2 wi + Ziil §Si

x,t,s

st t; >z, —zqla — o Vie [N —1]
s+1>|(s—1,2t)7, Vie [N —1]
z, € R? i € [N]
te RY?
s € [R{ZN(;l

(4.b) [10pts] Solve the problem numerically on an example with N = 20. You may
generate the data w;,a,b,l, and k by yourself. You may use any language or
algorithm you are familiar with. We suggest to use CVXPY with Python. CVXPY
is an open-source Python-embedded modeling language for convex optimization
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problems. You can find resources at https://www.cvxpy.org/. We also provide a
template in Jupyter Notebook to help you test your solution. Please submit your
code and output in a PDF file onto Gradescope. Since Gradescope only allows for
one PDF submission, please combine multiple documents into one single PDF.
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5. The Motzkin polynomial [20pts]

The Motzkin polynomial is the bivariate polynomial
M(z,y) = oty? + 2%y* — 322y% + 1.
(5.a) [10pts] In Lecture 10, we mentioned that M is nonnegative on R?, and claimed
that M cannot be expressed as a sum of squares. Prove the latter claim.

» Hint: If M was a sum of squares, then there would exist polynomials p;, ps, ... of degree
at most 3 such that

zty? + 2%yt — 322y + 1 = pi(z,y) + p3(z,y) + -

What monomials can appear in the p; and why? Furthermore, M (z,y) = 0 at the points
(—1,-1), (—1,1), (1,—1), and (1, 1). This further constraints what the coefficients of the
p,; can be.

Solution.

Each p?(z,y) has the form
p2(z,y) = (az?y + bry?® + cay + dz + ey + f)°

for appropriate constants a, ..., f € R. The p? need not have x? or y? terms
as they would create z* and y* terms with nonnegative coefficients. Since we
cannot have z3 (as that would create %), we cannot have z2. Since p; is zero
in the four points (—1,—1), (—1,1),(1,—1),(1,1) we find that
—a—b+c—d—e+ f=0 (7)
a—b—c—d+e+f=0 (44)
—a+b—c+d—e+ f=0 (
a+b+c+d+e+f=0 (

)
i)
Summing (¢) and (iv) we find ¢ + f = 0. Summing (4¢) and (i3¢) we find ¢ —

f =0.Hence, c = f = 0. But then, there is no way that the sum of polynomials
p; would be able to generate the constant term +1 in Motzkin’s polynomial.«

(5.b) [10pts] Write a semidefinite program to certify that the polynomial
p(z,y) = (2 + 1) M(z,y)

belongs to the cone of SOS polynomials, and solve it using a conic optimization
solver such as CVXPY. Take the semidefinite matrix returned by the solver and
explicitly construct the sum-of-squares decomposition of the polynomial p.
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Please submit your code and output in a PDF file onto Gradescope. Since Grade-
scope only allows for one PDF submission, please combine multiple documents
into one single PDF.

Solution. We find the factorization

(@2 + )M (z,y) = (e8y — zy)” + (22> —1)" + (zy® —z)°
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