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Your information

Instructions
You have 80 minutes to solve the following five problems.

This is a closed-book midterm.

Keep stapled.

Do not distribute outside of class.
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You can use this page as scratch paper if you want. Scratch space will not be graded.

More scratch space is available at the end of the document. Additional scratch paper is available on
request.



1 Existence and uniqueness of Euclidean projections

Let 2 C R™ be a nonempty set.

(a) [7pts] Give a formal argument as to why, when Q is closed and conver, the Euclidean projection
of any point z € R™ exists and is unique. As a reminder, the Euclidean projection of z is a

solution to the nonlinear optimization problem

min |y — |,
Y

s.t. ye .

(b) [7pts] If the assumption of closedness is removed, is the existence of a projection still guaran-

teed? For those cases in which a projection exists, is such a projection still guaranteed to be

unique? For each, give either a proof or a counterexample.

(c) [7pts] If the assumption of converity is removed, is the existence of a projection still guaranteed?

For those cases in which a projection exists, is such a projection still guaranteed to be unique?

For each, give either a proof or a counterexample.

(Remember: a set is closed if “it contains its boundary”, that is, the limit of any converging sequence
of points that belong to the set belongs to the set. For ezample, the interval [1,2] :={x eR:1 <z <
2} is a closed set, while the interval (1,2] := {x € R: 1 < x < 2} is not. You can take for granted that
the union of two closed sets is closed.)

(a)

(c)

Solution.

Existence: we choose a point y, € Q and define Q) =QN{y: |z -yl <z —yolo} It’s
clear that for any point y outside €}, y cannot be the minimizer of the projection problem.
Therefore, we can restrict the minimization of |y — z||5 to €, and the Weierstrass Theorem
guarantees the existence of a minimizer.

Uniqueness: let z be one of the minimizers of the problem. The first-order optimality

condition at z reads
(t —2z,y—2) <0 Yy € Q.
For any y # z,
lz =yl =lz— 2+ (z—yli =z — 213 + 2 —yl3 — 2z — 2,y — 2) > |z — 2]
Therefore, the projection is unique.

No, existence is not guaranteed anymore if the assumption of closedness is removed. For
example, consider projecting the point 0 onto the open interval (1,2) C R. The projection
problem has no solution, since for any candidate solution point y € (1,2), the point
y—1
fi=14 —=
Y 2

belongs to (1,2) and achieves a strictly lower objective. However, in those cases where a
projection does exist, then the projection would be unique, again by the proof of uniqueness
in (a) (the uniqueness argument does not depend on closedness).

Yes. The existence argument, which is based on the Weierstrass theorem, does not require
convexity, only closedness. So, the existence of a projection is guaranteed even for nonconvex
feasible sets (2. However, uniqueness is not guaranteed. For example, consider projecting the
origin z = (0, 0) onto the circle
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Q:={yeR?: |y|, =1}.

All points on © have the same (minimum) distance of 1 from the origin, and so infinite
projections exist.

O
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2 Lipschitz continuity of projections
Let © C R™ be a closed convex set, and let

1
g (@) = argmin oy — =I3

st. ye

denote the projection of point € R™ onto 2. (Recall that Euclidean projections onto a closed and
convex set exist and are unique.)

[20pts] Show that Il is 1-Lipschitz continuous, that is,
Mg (z) — Mg (z')], <z —2[,  Vz,2" eR™
(Hint: start by writing the first-order optimality conditions for z:=Ilg(z) and 2z’ :=Ig(z"). In

particular, two vectors must have a nonpositive inner product (obtuse angle) with z° — z. What happens
if you sum the inequalities and use Cauchy-Schwarz?)

Solution. Let xz,z’ € R™ be arbitrary, and z:= Iy (z) and 2’ :=II5(z") denote their projections
onto Q. If z =2/, that is, |z — 2’| = 0, the result follows immediately from the nonnegativity of
|z — 2’|, So, we will focus on the case |z — 2’| > 0.

The first-order optimality conditions for z, 2" are both necessary and sufficient since the Euclidean
projection problem is convex. These conditions are

(x—2z,y—2) <0 Yy €, and
(2/ —2,y—2") <0 Yy € Q,

respectively. Plugging y = 2’ in the first inequality and y = z in the second inequality, we find in
particular

(r—2,2/ —2) <0, and (2" —a2',2" —2) <0.
Summing the inequalities yields
(2 —2)+ (x—a"),2 —2) <0,
which implies
|2 = 2l; < (2’ — 2,2 —2) < |2’ —al, |2’ — 2,

where the second inequality follows from applying the Cauchy-Schwarz inequality. Dividing by
|2" — 2], yields the statement. O
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3 An optimization problem

Consider the optimization problem

min 3o2 + 3(y +3)°
st. 22 +y2>2

z+y=>0

(a) [3pts] Is the objective function, seen as a function from R? to R, convex? Provide a proof or a
counterexample.
(b) [3pts] Is the feasible set a convex subset of R2? Provide a proof or a counterexample.

(c) [8pts] Write down the KKT conditions at a generic feasible point (z,y).
(d) [6pts] Check whether the KKT conditions hold at points (z,y) = (1,—1) and (z,y) = (—1,1).

Solution. (a) The function is twice differentiable on an open set, with Hessian matrix equal to the
identity, which is positive semidefinite. Hence, the objective function is convex.

(b) No, the feasible set is not convex. This becomes apparent from sketching the feasible set.

In particular, the points (—1,1) and (1,—1) are both feasible. Yet, their midpoint (0,0) is not
feasible.

(¢) The KKT conditions at a generic feasible point (x,y) are the existence of («, ) (the “Lagrange

multipliers”) such that

(_;i 3) =« (:3;) + 5 (:1) , (Stationarity),

a,B >0, (Dual feasibility),
a(—2+z%+y%) =0, (Complementary slackness)
Bz +y)=0.

(d) Plugging (z,y) = (1,—1) into the KKT conditions yields the system
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—1 —2 —1
(22) ()=o)
«, /6 Z Oa
a-0=0,
B-0=0.
The stationarity condition has the unique solution a = —411, B = %, which does not satisfy dual

feasibility. Hence, the KKT conditions do NOT hold at (1,—1).

Plugging (z,y) = (—1,1) into the KKT conditions yields the system

(L) =o(%) +2(5)

aaﬁzoa
a-0=0,
B-0=0.

The stationarity condition has the unique solution o = %, 8= %, which satisfies all other conditions.
Hence, the KKT conditions hold at (—1,1). O
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4 Optimality conditions for semidefinite programs
Consider the optimization problem
min f(X)
st. X >0
X esn,

where f is a convex and differentiable function and S™ denotes the set of symmetric n X n matrices
with real coefficients.

(a) [10pts] Consider the point X; := ([1) (1))

« I Vf(X,) = ((1) (1)), can you conclude that X; is a minimizer of f? Can you conclude

that X, is not the minimizer of f?

o What about Vf(X;) = ([1) (1))?

(b) [10pts] Consider the point X, := ([1) 8).

o« If Vf(X,) = ((1) (1)), can you conclude that X, is a minimizer of f? Can you conclude

that X, is not the minimizer of f?

o What about Vf(X,) = (8 2)?

For each answer, provide a (short) formal argument.
(Hint: consider the first-order optimality conditions for conic problems. You do not need to prove the

expression for the dual/polar of the positive semidefinite cone.)

Solution. Let 8™ denote positive semidefinite cone. As proven in Lecture 7, the normal cone at any
X »= 0 is given by

New(X) ={Y : (X,Y) =0,Y € (8"},

where (S")L denotes the cone polar to §™. Since the positive semidefinite cone is self-dual, then
(S”)L = —&8" and the normal cone at X can be written as

Nen (X) ={Y : (X,Y)=0,Y <0},
Since the problem is convex, the first-order optimality conditions in this case are both necessary
and sufficient and are

—Vf(X) € Ngn(X).

Using the characterization of Ng.(X) given above, we therefore have that at optimality it is
necessary and sufficient that

(VF(X),X) =0, and Vf(X)x 0.
(a) Using the above criterion, we find that in both cases we can conclude that the point X, is not

the minimizer of f. In the first bullet point, the condition (V f(X;), X;) = 0 was not satisfied. In
the second bullet point, the condition V f(X;) = 0 was not satisfied.

(b) Using the above criterion, we find that in the first bullet point, X, is not the minimizer of f,
since the condition (V f(X,), X,) = 0 is not satisfied. In the second bullet point, (Vf(X,), X,) =
0 and Vf(X,) = 0, so X, is a minimizer of f. O
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5 Gradient descent

Let f:R™ — R be a differentiable, L-smooth function (L > 0) attaining a minimum at a point x, €
R™. Consider the iterates {z,} produced by the gradient descent algorithm run with constant stepsize
n = 1/L starting from the initial point z, = 0 € R™.

(a) [10pts] Is it guaranteed that the function value is nonincreasing, that is,

f(zyy1) < f(z,) at all times ¢?

What if f is further assumed to be convex? For each question, either give a proof or a
counterexample.

(b) [10pts] Is it guaranteed that the distance to z, is nonincreasing, that is,
|41 — nc*||2 < |z, — =], at all times ¢?
What if f is further assumed to be convex? For each question, either give a proof or a
counterexample.

(Remember: a differentiable function is L-smooth when its gradient is L-Lipschitz continuous, that

is, [Vf(@) =Vf@)ly < L-|z—yly for all z,y € R™.)

Solution. (a) Yes. The gradient descent lemma states that for any L-smooth function, when n = %

one has

F(@ea) < f(o0) — oIV I

Hence, f(z,,1) < f(z,) at all steps, whether or not f is convex.

(b) With only L-smoothness, the guarantee does not hold. Many examples are possible, but just
pick one, consider the function

_ sin(z —8)
f(z) = P
0.75
0.5
0.25 -
—20 —16 —12 =8 n, 0

This function is L-smooth, but it is clear that already at time 0, z; will move further away from
any minimizer of the function, by “rolling down” to the left of the origin.

When the function is convex, however, the guarantee holds. This is a consequence of the Euclidean
mirror descent lemma, which states that
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L
@) < f@) + 5 (2. = .l = o, =l + 2o — ]}
\%

Using the fact that z,, ; —z, = % f(z,), together with the gradient descent lemma, we have that

L 1
fa) < f(@) + 5 (lo =2l = o, = e |} + IV HE)L)
L 1
< f@)+5 (lo.— ol = o, —2uall}) + 57 IVF@OI;
L
< flz,) + 5 (||x* - xt”; — ||z, — 21 ||§) + flzy) = f(2441)-

Rearranging the terms yields

Hx* - xt+1“§ <z, — xt”; - %(f(xt+1> - f(z,)).

Since by definition z, minimizes f, then the last term is nonpositive and the guarantee holds. O
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