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Homework 1 - Reference Solution

Released on: Sept. 17, 2024 Due on: Oct. 1, 2024, 11:59pm ET

Problem 1

1.1
According to the definition, we have z;,, > 0. Together with r; 4,(z1,...,2,) > 0, we can immediately
conclude that
+
xi,ai + Ti,a,- (331, .. 7xn)
Gira; (T, Tp) 1= + > 0.
1+ aleA,; ri)ag(xl, cey )
1.2
The equation can be verified according to
Tia; (:Ela cee axn) *Lija; = ’LLZ‘((ZZ‘, x—i) - Ui($1, cee 7xn) * Ti,a;
a;€A; a;€EA;
= ui (i i) * Tia, — Ui(T15 - -0 Tn) Tia;
a;€EA; a;€EA;
=ui(1,...,xn) —wi(T1, ..., 2)
= 0,
where third equality holds since ;. wi(a;, x—) Tiq, = t;i(z1,...,x,) from the linearity of utility function,
and .4 Tiq, =1 from the definition of strategy.
1.3

Towards a contradiction, assume there is some player ¢ € [n] with action a; € A; such that
Tia (2], . 2p) > 0.
According to problem 1.1, we have @; o, (z5,...,2%) > 0. This further implies that
* * *

Tia; (T1, -, 20) - Ti 4, = Pias (x7,...,2)) - xfa > 0.

Furthermore, combining this with the result in problem 1.2, which shows that the summation over A; is zero,
we conclude that there exists another action a; € A; such that

* *
Ti,a, (.231, s ,an) “Tia, <0.



Since x; 4, > 0, it follows that r; 4, (27, ..., 2} ) < 0. Finally, we have

+
* * *
* * Lia; + Tia, (xlv s ,{En)
gpi,di(xla"'axn): N NS
1+ aéGA,; Ti>a;(‘r17"'7xn)
*

< Lia;

T 14 rie (2, 20)

< J}l a0

contradicting the fact that z* is a fixed point. Therefore, we have r; 4, (x7, ...
Nash equilibrium.

,x) <0, implying that z* is a

Problem 2

2.1

Consider a restricted strategy space S = {xg € A(A1) = A(Az), x5 € A(As),...,zn € A(A,) 1 (w0, To, T3, .-, Tn) }-
We will show the desired Nash equilibrium exists by applying the fixed-point theorem to the restricted
strategy space. Consider the Nash improvement function ¢ : S — A(A1) x --- x A(4,,) given by

+
xi,ai + Ti,ai (xlv o .. 7xn)
Spi,ai(xlw"umn) = F
1+ aieAi Ti,a;(xla"'axn)
For each action a € Ay = Ay and strategy profile (zg,xo,z3,...,2,) € S, we have that
+
To,a + T1,a(To,T0, 73, ..., Tn)
(Pl,a($07x0ax3v"'7xn) - I
1"' a;GAi ri,aé(x07x05'r37"'7xn)
+
o xO,a"_ T27Q($0,$0,x3,...,.’£n)
- +
1+ al€A; ri,aé(mO;anx&"'vxn)
= @2,(1(3:0, o, T3, -- 71'71),
where the second equality is given by wj(x1,x2, ..., 2,) = us(x2,x1,...,2,). This shows that the codomain
of ¢ is also S. According to Nash’s fixed-point theorem, we have that a desired fixed point (xf,z§, ..., x%) is

a Nash equilibrium exists.

Problem 3
3.1

Denote by (z,y, z) € [0,1]3 the probabilities that the players choose actions top, left, and X, respectively, in
the Nash equilibrium. The utility for each player taking a specific action is given by:

up(top) = y(1 + 22)

up(bottom) = (1 — y)(2 — 2)
usg(left) = (1 — 2)(3 — 22)
ug(right) = (1 + z)
uz(X) = 2zy
uz(Y) =3(1 —z)(1 - y)



Firstly, we show that there is no Nash equilibrium where Player 1 or Player 2 takes a pure strategy.

e If x =0, the values of Player 2’s actions, left and right, are 3 — 2z > 1 and 0, respectively. Thus, taking
action left will always dominate taking action right. This indicates z =0 =y = 1.

e Conversely, when = = 1, the values of Player 2’s actions are 0 and 1 + z > 1, respectively. So Player 2
will always take action right. This indicates x =1 = y = 0.

e Similarly, if y = 0, the values of Player 1’s actions, top and bottom, are 0 and 2 — z > 1, respectively.
Player 1 will always take action bottom, indicating that y =0 =z = 0.

e When y = 1, the values of Player 1’s actions are 1 + 2z > 1 and 0, respectively. Player 1 will always
take action top, indicating that y =1 =z = 1.

However, there is no suitable assignment for both x and y. This rules out any pure strategy profile for Player
1 and Player 2.

The above reasoning shows that 2,y € (0,1). According to the definition of Nash equilibrium, both players
are indifferent between the actions in their support. This implies that

u(top) = uq (bottom), wus(left) = us(right)

which indicates that

y  2—z 1—x 142

= ; = : (1)
11—y 1422 z 3—2z

Next, we show that there is no Nash equilibrium where Player 3 takes a pure strategy.

e If z =0, the value of action Y is no less than that of action X. Furthermore, we have z = % and y = %
from (1). However, this leads to a contradiction since uz(X) =1 > = ug(Y).
e If z =1, the value of action X is no less than that of action Y. Furthermore, we have x = % and y = i
from (1). However, this again leads to a contradiction since uz(X) = § < 3 = ug(Y).
As a result, we have z € (0,1). This suggests that
2 Y 1—x
3s(X)=u3(Y)=> - —— = . 2
w(X) = us(¥) = 7 = = )
Substituting (2) into (1) gives
2 2—-2 1+z
3 1422 3-22
Solving the quadratic equation gives z = —% + —Vi(n. Since we have to ensure z > 0, the only valid solution

remaining is z = —2 + @. Substituting this into (1) yields the only Nash equilibrium as

53 601 +601 13 23 /601
(z,y,2) = 6 1w o it i ¢ (0.619, 0.480, 0.379).

Remarks: This problem provides some intuition on why Nash equilibrium is generally hard to compute.
The equilibrium condition only holds for actions in the support of the Nash equilibrium. Thus, we need to
determine the support of the solution, which is difficult in general. Once the support is identified, one can
compute the Nash equilibrium by simply solving the polynomial equations.



3.2

Denote by U; and U, the reward vectors of Player 1 and Player 2, respectively, i.e., ui(z1, z2) = x{ Uixo and
us (21, 9) = x{ Usxe. Consider the following program:
min 0
T1,ZL’1€R|A1‘
T17w1€R|A2‘
v1,v2 ER
st. x)r1 =0, Ty =0
r = U1.132 — U11
To = U2T$1 — Ug].
x1 >0, z9 >0, xllel, x2T1:1
T1 Z 0) T2 Z 0

where 1 stands for the all-ones vector. It is straightforward to verify that the program can be converted to a
linear complementarity problem.

Now, we show that any solution to the problem, (x1,x2), is a Nash equilibrium of the game. Correspond-
ingly, 71 and 75 encode the regret of taking each action. We will demonstrate that the strategy profile x;
is a best response of Player 1 to z3. According to the constraints #; > 0 and x{ 1 = 1, z; is a probability
distribution. Thus, there must be some action a; € A; such that z; 4, > 0. Given xfrl = 0, this indicates

that there is some action a; € Ay such that r; 4, = 0. From the constraint r; > 0, we have

T

U1 = max € ,,

Uiro = max ui(ay, x2
a1 €A a1 €A ( ’ )7

which is the best response to the game. This shows that

Ti,a; = (U1xe —v11),, = wi(z1,22) — nax uy(ay, x2),
1 1

indicating that r; indeed encodes the regret of taking each action. Now, for each action a; € A1, either
Z1,q, = 0, meaning the action is never taken, or 1 4, = 0, meaning there is no regret in taking the action.
This indicates that any action in the support of x; is a best response to x2, which concludes that z; is a
best response to xz. Similarly, we can show that a2 is a best response to x;. Therefore, (21, z2) is a Nash
equilibrium of the game.

Problem 4

4.1

Consider a non-trivial game with w;(a;,a—;) # w;(a;,a—;) for Player i. Denote by pu = (a;,a—;) and
i = (Gi,a—_;) two spike distributions. We have

E  [ui(a;,aq)] = ui(as, a;) # ui(ag, a_;) = E  [ui(a;a)]. (3)

(a1,eyan)~p (a1,...,an)~f1
Moreover, for any action a; € A4;, we have

E  [ui(a;,a)] = ui(aj,a—;) = E  [ui(a;,a)]. (4)

(a1,..,an)~p (a1,...,an)~p

Combining (3) and (4), we have that there exist some policy i € {u, i} such that

[ui(aj, a—;)] # E  [uia;a)].

(a1,..,an)~p (ar,..,an)~p



This indicates that the corresponding constraints are all non-trivial.
Towards a contradiction, assume there exists a Nash equilibrium p* = (21, ..., 2,) that lies in the interior
of the convex polytope of coarse correlated equilibria. In this case, for any action a; € A;, we have

[wiag o)) < B fui(ai, a-)], (5)

(a1,eyan)~p* (a1,..,an)~p

as they are all non-trivial constraints. Now, consider the best response a} € A; to x_;. We have

E  [ui(a;,a)] = uilaj, z—;) > wi(wi, ) = E  [ui(a;a-)]
(a1,..ey@n)~p* (@1,eyan)vp*

where the equality holds since p* is a product distribution. However, this contradicts (5). This indicates that
some non-trivial constraint must hold with equality, implying that u* cannot lie in the interior of the convex
polytope of coarse correlated equilibria.

Remarks: One may wonder what geometric features are characterized by the problem. We provide a concrete
instance for better understanding. Consider a two-player game defined by the payoff matrix on the left:

left  right
top 1,11 0,0
1,1

o) ‘wonoqy]

bottom ,

0.8 T popaeft

The 3D plots on the right visualize the coarse correlated equilibrium and Nash equilibria of the game.
The axes represent the probabilities of the joint actions: top and left, top and right, and bottom and left,
respectively. The probability of the joint action bottom and right can be determined accordingly. The set of
CCEs is represented by the green polytope, and the red points indicate the NEs. As one can see, all NEs lie
on the boundary of the CCE polytope.

4.2
According to the definition of coarse correlated equilibrium, we have that for any action o} € A; and a}, € As,
E  [ui(a},a2)] < E  [ui(as,a2)] (6)
(a1,a2)~p (a1,a2)~p
E - [uz(ar,ay)] < E  [uz(as,a2)] (7)
(a1,a2)~p (a1,a2)~p
From the definition of two-player zero-sum game, we have that wj(ay,a2) = —us(ay,as). Plugging this
relation into (6), combining with (7), we have that for any action a} € A; and af, € A,,
[uz(ai,a2)] = E  [uz(ar,a2)] > E  [uz(as,ay)]. (8)
(a1,a2)~p (a1,a2)~p (a1,a2)~p



Consider the marginal distribution

T1,a; = ,U/al,a;; X205 = ,U/a/l,ag-
ah €Ay al €Ay

We have that for any action af) € Ao,

Uz(ll?l,xz) = L1,a 'u2(a/1,l’2)
a'1€A1

TLel ", E)Nu[uz(ai,@)l
a’leAl ’

> xl,a’l : E [u2(a’17 a’/Z)]
a} €Ay (a1,a2)~p

= E [“2(a1,a/2)] = U2(901,a/2)
(a1,a2)~p

where the first, second, and the last equations are given by the linearity of expectation, and the inequality
follows from (8). This indicates that x5 is a best response to strategy profile z; for Player 2. Similarly, we
have that z1 is a best response to z3. As a result, we conclude that (z1,22) is a Nash equilibrium.

Problem 5

5.1

Towards a contradiction, assume f is a correlated equilibrium where Player ¢ plays a dominated action a] € A;
with non-zero probability. That is, p4/,, , > 0 for some a_; € A_;. Denote by a! the action that dominates
a;. Consider the mapping ¢; : A; — A; where ¢(a;) = af and ¢(a;) = a; for any other a; € A4; \ {a}}.

Next, consider the improvement from deviating according to ¢ under the policy p. We have:

[wi(¢i(ai)a—i)] — B [ui(ai,a)] = Hay,..an Wi(Pi(ai), a—i) —uia;, a—;) .

(alauwan)"’ﬂ (at,ean)~p a1 €A, an€A,

For any joint action a; € A; \ {a}} and a_; € A_;, we have w;(¢;(a;),a—;) = u;(a;,a—;) by the definition
of ¢. Furthermore, for any a_; € A_;, we have w;(¢;(a}),a—;) = u;(al,a—;) > u;(al,a_;). Thus, we get:

E o [ui(ei(ai),ai)] — E  [ui(ai,a-i)] > para_, wildi(a;),a—i) —ui(aj,a—;) >0,

(@1,esan)~p (a1,...,an)~p

where the last inequality follows from the assumption Pa!,a_; > 0.
This contradicts the assumption that u is a correlated equilibrium. Therefore, a dominated action cannot
be in the support of a correlated equilibrium.

5.2

Consider the following two-player game:

left  right

top 6,0 0,0
middle | 0,0 | 6,0
bottom | 2,0 | 8,0

Table 1: Caption



It is clear that action bottom is dominated by action middle. Consider the strategy profile p with support
Htop,left = Mmiddleright = 0.5. We verify that u is a coarse correlated equilibrium. Since both actions are
indifferent for Player 2, we only need to verify that Player 1 cannot deviate to improve their payoff. We first
compute the expected payoff for Player 1:

[u1(a1,a2)] = fieop,left - w1 (top, left) + fimiddie,right - u1 (middle, right) = 6

(a1,a2)~p

For each action a) € A;, we have:
( E) [ul (t0P7 a2)} = Mtop,left * Ul(t0p7 16&) + Nmiddle,right s Uy (top, rlght) =3
ay,az)~

E  [ui(middle, az)] = piop,efs - w1 (middle,left) + fimiddie right - u1 (middle, right) = 3

(a1,a2)~p

E  [ui(bottom, az)] = ftop,lett - u1 (bottom, left) + fimiddie right - w1 (bottom, right) = 5

(a1,a2)~p

In general, we have E(q, q,)~u[u1(a], a2)] < Eq, a,)~ult1(ar, az)] for any action aj € A;, indicating that p is
a coarse correlated equilibrium where the dominated action is played with non-zero probability.

5.3

Consider the ratio between the mass MWU assigns to a dominated action a; and the action a}, which
dominates a;. We have that

t T T
xgl)ll _exp T<tm,ai(9:§ ),...,:177(1))
acgtg exp N .oy Tiar (och)7 . ,ng))
=exp 7 Tioa; (:U(lT), . ,ng)) — Tiar (a?gr), .. ,ng))
T<t
o PN NI C
=exp 7 wi(as, l)) —wilal,z2})
T<t

where the last equality follows from the definition of regret r; ,. Let

e:=inf w;(al,z_;) —ui(a;,z—;) >0

T—i
denote the minimal sub-optimality gap of the dominated action a;. We have that

()
xi,a,'

- < Ii — = 0.
< lim exp(—nte) =0

lim
t—o0 .’E(t)
i,a;

Since x; is a probability distribution, it satisfies that 0 < xz(t;

indicating that the probability that the algorithm plays the dominated action a; converges to 0.

< 1. Thus, we conclude that lim; xgt) =0,

a;

Problem 6

We present the performance results of the reference implementation below. Details of the implementation are
omitted.
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1.4
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