MIT 6.5890 Topics in Multiagent Learning Fall 2024

Homework 2 - Reference Solution
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Problem 1

1.1
Note that v is twice differentiable on X with hessian given by

V2y(x) :diag([i,i,..., 1 ])

Tl T2 T

We have that
1
V=Y 2 3w =l
i=1 v i=1

where the inequality holds since z; € (0,1). Since X = relint A™ is convex, together with Lemma 1, we have
that 1 is strongly convex with respect to the Euclidean norm on relint A™.

1.2

Following from Problem 1.1, note that

u' V2 f(x)u = Zn:uf .
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where the second equality holds since z is a probabilistic distribution and the inequality follows from the

Cauchy-Schwarz inequality. Together with Lemma 1, we have that v is strongly convex with respect to the ¢4
norm on relint A™.

1.3

By direct calculation, it is easy to see V¢(x) = (1 +logzy,...,1+ logx,).




1.4

Plugging in the results in Problem 1.3, we have that g; — (1 + logz}) = « for all i € {1,...n}. This directly
leads to xf = e 17 . ¢9% for all i € {1,...n}, following from the Lagrange multiplier theorem.

1.5
From Problem 1.4, we now that x} oc e9*. Since z* is a probabilistic distribution, we directly have that

egi

o
A Z?:l e9di ’

1.6
Recalling the update rule of predictive FTRL:

TeEX

+® « arg max {<m(t) + ig(ﬂ,x> - %w(x)}
=1

This can be written into the following optimization problem:

+® « arg max {<77(m(t) + § g(T)) , x> — w(x)}
r=1

zeX

Applying Problem 1.5, with g = n(m(t) + Zt;:ll g(7)>, we have that

2® o exp (,7 (mm + ti g<f)>)
T=1

Comparing z® and z(*=1), we have that

® o 2 exp (ﬂ(ggt_l) + ml(»t) - mz(.t_l)))

3
Since z® is a probabilistic distribution, we conclude that

o e (g 4w —miY))

Sy ™ exp (n(gy ™+ mi —m{TY))

?

1.7

The ¢; norm will lead to a better result. This is because, when we analyze the problem under the Euclidean
norm, both the dual norm || - ||« and the primal norm || - || are {2 norms. However, when we analyze the
problem under the ¢; norm, the dual norm || - ||. becomes the ¢, norm, and the primal norm || - || is the ¢;
norm.

Since we have ||g|l2 > ||g]lco and —||z||2 > —||z|]1, the regret induced by the Euclidean norm is always no
less than that induced by the #; norm. As a result, the £; norm will lead to a better outcome.



1.8

Since negative entropy is always non-positive, we have p(z*) < 0. Furthermore, it is easy to compute that for
xgl) = 1/n, it holds that 1 (z(!)) = —logn. Combining both statements gives

) —(zM) < logn.
i AV T s logn

By choosing || - || as the primal norm and || - ||« as the dual norm, and substituting the above relation into
Proposition 1, with strong convexity given in Problem 1.2, we directly obtain the following result:

T T
logn 1 _
Res™ < 2 4p 3 g - mO - 37 e - 2OV,
=2

t=1

1.9

Recall the definition of Bregman divergence:
Dy (2|2 7Y) = t(2) = (D) = (Vo' 7Y), 2 = 2(7D).
The updating rule for z(!) can be written as:

2 = arg max {n{g(t_l),z> — D¢(z||z(t_1))}
z€X

= arg max {90, 2) = ((2) = w(z0V) = (V) 2 = 207) ) |
= arg max {<ng(t_1) + Vz/)(z(t_l)), z> — w(z)}

zeX

Plugging in the results from Problem 1.5, we have:
20 o exp gV + Vu(z()),
which simplifies to:
2 = exp (ng(tfl) +1+log z(tfl)),
according to Problem 1.3. Therefore:
2® o 2D exp (ng“‘”)
Similarly, it holds that:
z® o 2 exp (nm(t)).
By combining all the results above, we conclude that the updating rule follows OMWU:

2® o 2D exp (n(gufn Lom® m(H))),



Problem 2

2.1

Notice that the gradient descent step z(*) «— z(t=1) — ng(®) coincides with

1
+® — arg max{(g(t),x> - wa(ﬂcHa?(t_l))}
TER™ n

.'L'2

when choosing ¥(z) = é This indicates that the OGDA steps align with Predictive OMD with ¢(z) = %-.

This allows us to apply Proposition 1.
Furthermore, from VZy(z) = I, we see that v is strongly convex with respect to || - |l2. Applying

Proposition 1 with the ¢5-norm gives

T
m _ X3 1 _
Reg!" < 2+ ZnAy“ — Ay=|2 — §Zux<t>ﬂc“ 2.

t=2 t=2

Similarly, we can get

T
T 3 _
Reg( )S H 772 +n ZHAT (t) _ AT (t— 1)H2 nZHy(t)_y(t 1)”3
t=2

2.2
Denote Z = + 23:1 z®) and similarly for 7. Notice that
. . T T T T
Reg!"” + Regl") = = max tzzl(a:*)TAy(t) - tzzl(x(t))TAy(t) + tzzl(x(t))TAy(t) - Umégl’tzzl ()T Ay*

t=1 t=1

Plugging in the results from Problem 2.1, it holds that

X3, < 1 o
T2y Ay — Ay 3 - & > ™ =203
t=2

277 t=2

LIVIE ET:HAT ) _ 4T <t—1)||2_i§T:|| © _ 4|2 > 0
2y z I - g 2l =y VI > 0
t=2



Using || Ay® — Ay®=D ||y > [|A|lo]|ly® — y*~ V|5 from the definition, rearranging the above inequality gives

113 + Y113

T
1
All2 — 7) () _ ,.(t=1))2 ) _ , (t=1) 2) > 0.
pr o+ (Al &7(znm DY+ 1y -y I)3) >

As long as n < 1/(4]|Al|2), it holds that n||Al|2 — 1/(8n) < —1/(167). In this case, it holds that

— _ 2
D (2@ =2V O =y V5) < 8(IX1E + 1V113)"

t=2
According to the Cauchy-Schwarz inequality, it holds that

T T T

2
(32 (e = 2D+ y® = 0D 5)) < S22 +12) - 3 (e — 2D+ g — D 3).

t=2 t=2 t=2

Rearranging the terms concludes that

T
D (I =2 Vo 4+ Jly@ =y V) <AVT(|X]|2 + [ V]l2).
t=2

2.3
By inspecting the proximal descent inequality for () « Iy (2= + 2nAy*—Y — nAy(t=2)) at z = 2*, we
have
(Y 4 onAyt=Y —pAyt=D _ p® g ®) <.
Notice that
(201 42 Ayt — Ayt — 2O o — 2Oy = (nAyt=Y g — 2DY 4 (n Ayt 0D _ (1)

+ (2D — @ g — 2Oy L (nAytD Ayt px — 2 (0) <.
(1)
According to the Cauchy-Schwarz inequality, it follows that
Ay, 207D — ) <l Allafly TV follzT = 2@ o < 2470 = 2OV
(@) =2 o — 2O < 2 —2Ofa |2 — 2D s < 2D — 2@ ]| X5,
[(nAy =Y — Ay 2 —2O)| <l A2y =y faflz” — 2Dlp < [y =y | X2,

where the second inequalities are given by n < 1/(4]|A||2) and the definitions of ||X||2 and ||Y|2. When
1 < 1/(4]|A||2), summing up the above inequalities gives

|<,7Ay(t—1)’ 21 _ m(t)> + <x(t—1) —z® g* - m(t)> + <77Ay(t—1) — Ayt g — x(tm
< (20 = 2Dl + [y =y Do) (1212 + 1 V]]2)-
Plugging the above results into (1) gives
Ay e —atD) < (|l = 2Oy + [y D =y 2 ) (1X 2 + 1Y)

Summing over ¢ yields

T T+1
T A (1) YT 44 < ) (t—1) _ , (t-2) x
g}gt:l(x) Ay tzl( ) Ay Z (2= = 2@y + [ly = = y =2 ) (| X [l2 + 1V ]l2)
4\/T+

= (Il + 17ll2)",



where the last inequality follows from Problem 2.2. Similarly, we have

M=

T
4T +1
(t\T (t) _ . t\T * VLT
(') " Ay ?JIPEII}(E(Z)AyS p

1 t=1

(X2 + 1Vll2)*.

t

Adding both terms gives

> (@74 - @) ay7) < S (e + 1)

t=1

This indicates that there must be some t such that

* * 1
(@) T4y = @) Ay* < O( = (1]l + V21 All2)-
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