MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Physics Department

Physics 8.07: Electromagnetism II October 18, 2012
Prof. Alan Guth

FORMULA SHEET FOR QUIZ 1
Exam Date: October 18, 2012

*** Some sections below are marked with asterisks, as this section is. The asterisks
indicate that you won’t need this material for the quiz, and need not understand it. It is
included, however, for completeness, and because some people might want to make use
of it to solve problems by methods other than the intended ones.

Index Notation:

A-B=AB;, AxBi=ejABr,  €ijnepqr = Oipdig — digljp
det A = ¢ 4y.i, A1i, Ansiy -+ A,
Rotation of a Vector:
Al = R;;A;,  Orthogonality: R R = 0; (RTT =1)

j=1 j=2  j=3
i=1 (cos¢p —sing O

Rotation about z-axis by ¢: R.(¢);; = i=2 | sin¢g cos¢ 0
i=3 0 0 1

Rotation about axis n by ¢:***
R(ﬁ, ¢)zy = 52’]’ COS¢ + ﬁzﬁj(l — COS ¢) — eijkﬁk sin¢ .
Vector Calculus:

. = 0
Gradient: (lez = 0;p, 0; = B2,
Divergence: V-A=0;A;

Curl: (6 X g)l = GijkﬁjAk
. 2 = = 82S0
Laplacian: Vip=V.(Vyp) =

Fundamental Theorems of Vector Calculus:

-

b
Gradient: / Vg - dl = o(b) — (@)

Divergence: / V-AdPz = j{ A da
% S
where S is the boundary of V

Curl: /<ﬁxg>.da:74g.dz
s P
where P is the boundary of S
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Delta Functions:

d$ CLT o=z
d(x — ;)
d(g(z)) = , g(x) =0
o) =2 gz » 4
1
2 _ 3/ =
\Y 77 = —4n6° (7 — 1)
Electrostatics:
= 1 (7" =7") q 1 (7 =7") 3
E(F) = ) d°x’
(7) 47T€ozi: ‘F_F/‘g dre F—F’\g p(7") d°x
T L[ o)
V(7)) = V(7)) — E(@)-df = d3a2’
(7) = V(7o) / () Irey ) T "
V-E=L_ VxE=0, E=-VV
€0
VQV:—E (Poisson’s Eq.), p=0 = VV=0 (Laplace’s Eq.)
€0

Laplacian Mean Value Theorem (no generally accepted name): If V2V = 0, then
the average value of V on a spherical surface equals its value at the center.

Energy:
11 g 1 1 / 5. 30 P(7)p(")
W == J = A’z d’z’ -
2dmey o vy 2dme ) © 0T -7
i#j
1 1 =
- §/d3xp(F)V(F) = 560/}E\2d3x
Conductors:
Just outside, E = gfz

€0
Pressure on surface: %a@\outside
Two-conductor system with charges Q and —Q: Q =CV, W = %C’V2

N isolated conductors:

V= E Pi;Q;, P;; = elastance matrix, or reciprocal capacitance matrix
J

Q; = Z Ci; Vi, C;; = capacitance matrix
J
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a2

a
Image charge in sphere of radius a: Image of Q) at R is ¢ = _EQ’ r= ¥l

Separation of Variables for Laplace’s Equation in Cartesian Coordinates:

] cosax cos By cosh vz 2 2 2
V_{sinam}{sinﬁy}{sinhvz} where 77 =a”+

Separation of Variables for Laplace’s Equation in Spherical Coordinates:

Traceless Symmetric Tensor expansion:

2 o iﬁ 690 2
@(T,9,¢) - T’2 67’ 6 + v O y

where the angular part is given by

2
Vip= 19 (stagO) + L O

sin 6 00 00 sin? 0 0¢?
¢ A . A .
% 01(122 iy My My, = (0 + 1)01(132 iy Ty - Mgy
where Cz'(fz?g...ig is a symmetric traceless tensor

General solution to Laplace’s equation:

oo
— B A ~ ~ — ~

V(F) = Z <Ae7“ + “i) C’i(fgl”unilnb ...N;,, where =rn

=0
Azimuthal Symmetry:

- By

V(F) = Z (Ag?" + f—l—l) Cg{é’il ...,7:’7;5 }ﬁll “'/ﬁ"i[
(=0

Special cases:

{222, } = 2:22, — 1 (zz(5]k + 26, + zkéw)

ANA A oA AN A A oA 1/~ ~ A A A A A A
{2:22k2m } = 2i2j212m — 7 (zizj(5km + 2i2k0m; + 2iZm0jk + 2 2k0im

+ 2 2m0ik + 2kZm0ij) + 35 (0ij0km + OikOjm + im0k
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Legendre Polynomial / Spherical Harmonic expansion:

General solution to Laplace’s equation:

*:ii (Ar+ il)Ysz@

=0 m=—/¢

27 ™
Orthonormality: / d¢ / sinf0do Yy, (6,90) Yem(0,0) = 00 00mim
0 0

Azimuthal Symmetry:

V(i) = g (A rl 4+ %) Py(cos 0)

Multipole Expansion:

First several terms:
1 p -7 177,
[ Q b _|_ #QU—}_} ,Where
47eq

V() =

— 1 1
Ea 7 7)F — ) — ——pid®(7
din = e 5l )P — p] 5. 70" (7)
Traceless Symmetric Tensor version
" I — 1 @ . .
V(T) = Z Tg‘f'l Cil...ignil <Ny,

dre
0 =0

Qriffiths version:

— 1
E W/rlgp(F')Pg(cose')dgx
r
0

- dre
0 (=

where 0 = angle between 7 and 7.

0059
Z ritt ) V1 2)\x+)\2

=0 ">

Z NPy (x
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¢
1 (d o
Py(x) = 2070 (a) (% - 1), (Rodrigues’ formula)

Pg(l) =1 Pg(—&t) = (—1)6Pg(37) /_1 dx Pg/($)Pg($) = 263— 1(5@/@

Spherical Harmonic version:***

Vi) = 471'60 Z Z 2€+ 1Qem Yem (0, ¢)

where g, = /)@;,Lr’ep(F’) d3a’

Connection Between Traceless Symmetric Tensors and Legendre Polynomials
or Spherical Harmonics:

(20)!

Py(cosf) = 26(”)2{ iy e Zig iy o T,
For m > 0,
Yem(0,0) = CLO™) g, g,
where C’Z(122 i, = dom {af ..ol Z o %, ),
—1)™(20)! 2m (20 + 1
with dem = ( ;fzg ! \/47r(€+£n) Tz )m)' ’
and @+ = — (&, + i¢,)
V2

Form m < 0, Yy _n(0,¢) = (—1)"Y,: (6, 0)

More Information about Spherical Harmonics:***

nm<9,¢):\/2£+1(£—m)!Pm

Ir Grmilt (cos B)e'™?

where P}"(cos ) is the associated Legendre function, which can be defined by

m (_1 m m de—i—m
Py = S gty S 0y
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