8.321 Quantum Theory-I Fall 2016

Midterm quiz
19 Oct 2016

Useful facts.
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1. (20 points)
Consider a two level system with states |0) and |1). The Hamiltonian
is known to be
H = al0)(1] + b|1)(0] (2)

(a) Write the condition on a,b for this to be a legal Hamiltonian.
Assume this condition is satisfied for the rest of the problem.
(b) What are the eigenvalues of H?

(c) The system is prepared in the state |0) at ¢ = 0. What is the
probability that it will be found in state |1) after a time ¢?



2. (20 points)

A spin-1/2 particle moves in three dimensions. A convenient basis for
the Hilbert space are the states |7, S, = +2), |5, S, = —2) where ' is
the momentum, and S? is the z-component of the spin. Suppose that
the Hamiltonian is known to be

p2

Here & are the usual Pauli matrices that act on the spin degrees of
freedom. (m is a mass and v a positive constant with dimensions of
velocity. )

(a) Is H diagonal in the basis described above?
(b)
(c)

)

(d) Find the ground state energy. Is the ground state unique?

Find the energy eigenvalues.

Find the corresponding energy eigenfunctions.

3. (30 points)

Consider a system with a total of k£ possible states with a basis labellled
|ny. n=1,.....; k. In the expressions below we define |k+1) = |1). Con-
sider two operators Ry and R, defined in this space with the following
properties:

Rafn) = |n+1) (4)
Roln) = e %"|n) (5)

(a) Is either of Ry or Ry hermitian? Are either of them unitary?

2min

(b) Ry is diagonal in the |n) basis, and has eigenvalues e % . Find
the eigenvalues of R;.

(c) Show that R, satisfy
RlRQ = 6_%R2R1 (6)

(d) Suppose there is a Hermitian operator A in this system that com-
mutes with both R; and Ry;. What can you say about A?



4. (30 points)
A particle of mass m is initially in the ground state of a three dimen-
sional harmonic trap described by the potential V() = %mw2r2. At
time t = 0, the trap is suddenly released. The subsequent motion is
determined by the free Hamiltonian. The questions below all refer to
times ¢ > 0.

(a) What are (), (r?), (p), (p?) as functions of ¢?

(b) Write down the momentum space wavefunction ¢(p,t) 7 What is
the probability distribution P(p,t) of the momentum p'?

(c) What is the position space wavefunction ¢(r,t)? What is the
probability P(7,t) of the position 77
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