LECTURE 7: Conditioning on a random variable; Independence of r.v.’s

e Conditional PMFs
— Conditional expectations

— Total expectation theorem

e Independence of r.v.’'s
— EXxpectation properties

— \Variance properties

e [ he variance of the binomial

e [he hat problem: mean and variance



Conditional PMFs
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Conditional PMFs involving more than two r.v.'s

— e ————————

e Self-explanatory notation Px=2Y- )’*2:5)-. Pa.v,2 (2,7, %)
pX|Y,Z(m|y!z) :f(K=IIY=7,Z=3)= .E(Y':r-’E:&-) PVJE-(?:Z’)

Px,ﬂz(ﬂhy | 2) -'-'_E(?‘:'z}"’""?' JZ :3)
e Multiplication rule

P(ANBNC) =P(A)P(B| A)P(C| AN B)

A=§x=2x$ B=fY=y4 € =§ 2=23

px,y,z(z,y,z) = px(2) py|x(y | ©) pz|x,y (2 | 2, Y)



Conditional expectation

A=%%=73

E[X] = Zm:iﬂpx(:ﬂ) E[X | A] =) zpxa(z) EX|Y=yl=) zpxy(z|y)

e EXxpected value rule

E[g(X)] =) g(z)px(z) E[g(X)|A] =) g(z)pxialz)

E[g(X) |Y =yl =) _g(@)pxy(z|v)



Total probability and expectation theorems

e Aq,...,A,: partition of Q2 ‘(=~f7,;.../71.2 AJ = ?Y=7¢'3

o px(z) =P(A1)px|a,(z) + -+ P(An) px4,(x)

px(z) =) py(W) px)y(z|y)
Y

* E[X| =P(A1)E[X | A1] + - + P(An) E[X | An]

[E[X] => py(WE[X|Y = y]] .
Y

e Fine print:
Also valid when Y is a discrete r.v. that ranges over an infinite set,
as long as E[|X]] < =«



Independence
e oOf two events: P(ANnB)=P(A) -P(B) P(A| B) =P(A)

e of a r.v. and an event: P(X=zand A)=P(X =z) -P(A), forallz

me (IJ: Fx(/x) J‘S'O" GQQ z E(Alx=?)=f("?)J -fc:r wld x

e Of two r.v.'s: PX=zand Y=9)=P(X=2z)-P(Y=y), forallazzy

e
——

T),H('x,?): Fx () pxy(z,y) =px(z)py(y), forall z, y

b (712) = Py ()

~
X,Y, Z are independent if: i

[ ]
pxy.z(x,y,z) = px(z) py(y) pz(2), for all z,y, 2
. J




Example: independence and conditional independence

e Independent? /Vo
p, () = 3/20

2 1/20 | 3/20

- | wa(tll):o
| 2 3 4 _.;

e What if we conditionon X <2 and Y > 37

i3 \1/q Yes .
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Independence and expectations

e In general: E[g(X,Y)] # Q(E[X]vE[Y]) QQ‘U ays {‘F‘L-te

e EXxceptions: E[aX 4+ b] = aE[X] + b E[X +Y + Z] = E[X] + E[Y] + E[Z]

- ™
If X, Y are independent: E[XY] = E[X]E[Y]

g(X) and h(Y) are also independent: E[g(X)h(Y)] = E[¢(X)] - E[h(Y)]

E[?O‘)Y)] 9(%,y) = Ty
2 ?g =Y B 7y ?Zr_ @FM Py (7)

< 2%h®) 2y p(y) =E[*1ELY]
= e A .
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Independence and variances
e Always true: var(aX) = a?var(X) var(X 4+ a) = var(X)

e In general: var(X +Y) # var(X) + var(Y)

QA55Uuwe

E[x)-E[%]:=0
var(x+v) : E[(n+v)*] = efx*s x4 Y2 g[x)=El=1El¥)=o
D) P LE[xY) 2] = var () wvar(y

e EXxamples:

— IfX=Y: var(X+Y)= vqnr ( 27() - L’VQ”()‘)

- IfX=-Y: var(X+Y)=vgnr (0) = O var (x)
— If X, Y independent: var(X —3Y)=VvVar (1’.) fva"(“%\‘) “é 9 U*"—'”(T.)

[If X, Y are independent: var(X +Y) =var(X) + var(}’)]




Variance of the binomial

e X: binomial with parameters n, p

— number of successes in n independent trials

X; =1 if «th trial is a success;

_ (indicator variable) LU O'Q.r] Q,Mc! (A {.‘
X; = 0 otherwise

X =X14 -+ Xn

!VOF(K‘)!:VQP(K,) + 23 . ‘I'V(l_”(x'w)

Z‘YI-UQr(KI) :tv\'P(l'—P)



The hat problem

e n people throw their hats in a box and then pick one at random

— All permutations equally likely |/m_’ ?Eaf{?t ﬂa’}ﬁ
— Equivalent to picking one hat at a time 2 !'_7' v
e X: number of people who get their own hat ' E":]

= Find@: E[F,Ji—...ﬁ-E[Hh}:%-i— :m 3[%] - E

|
{1, if 7 selects own hat 3 2 2.
Xi — '
0, otherwise. P,, (k) : QO.PCL
X=X14+Xo+ -+ Xn Z‘kﬂ‘(k)
»

s E[Xg-]zE[?{.'] = 1 (X,-‘-l) =

I
n



The variance in the hat problem

m =2
e X: number of people who get their own hat %, = = X, = |
— Find var(X) X, 2O =D Xy 50
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Np= ¢ ’ _ X=X14+Xo+4 ---4+ Xn “’rv' 'J
0, otherwise. i B
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e B2 = E[x!]SEDG] = /M ) imel gyt
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