
LECTURE 7: Conditioning on a random variable; Independence of r.v.'s 


• 	 Conditional PMFs 

Conditional expectations 

Total expectation theorem 

• 	 Independence of r.v.'s 

Expectation properties 

Variance properties 

• The variance of the binomial 

• The hat problem: mean and variance 
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Conditional PMFs 
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PX IA(X I A) = P (X = x I A) PXIY ( x I y) = P(X = x I Y = y) -:: 
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'(~'t P (2,.) .,. Sho
f 

y 

1120 2120 2120 

2120 4120 1120 

1120 3120 

2120 

1120 

1120 

I 2 3 4 x 

Pl(' 0( (I 11) :. 04 


3 
 p", .... ('-\ t) " 'It; 
v" 
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Conditional PMFs involving more than two r.v.'s 

• 	 Self-expla nat ory notation 1 ( y- ~,. ~) () >. (;>,)',~)
X 	~ ;itJ -"Y " _ _l'lI-<J:.;;tJ:..:<C___ 

PX IY,Z(x I y , z) =1 ex""'" IY"'7,~~2-):o !(y~)')?= 2-) - P'(',~ (7,.) 

PX,Ylz (x, y I z) "J(X"'2> Y"'71 2-:6) 

• 	 Multiplication rule 

peA n B n C) = P(A)P(B I A)P(C I A n B) 

/-l~~X="'~ 15=~'(=)'S c :f2-"~) 


PX,Y,Z(X , y, z) = Px(x) PYlx(y Ix) PZIX,Y(z I x' ]I ) 
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Conditional expectation 


E[X] = LXPx(x) 	 E[X I A] = L XPX IA(X) E [X I Y = Y] = L XPx lY (x I y) 

x x 	 x 

• 	 Expected va lue rule 

E[g(X)] = Lg(x) px(x) E[g(X) I A] = L9(x) PX IA(X) 
x 	 :T. 

E [g(X) I Y = y] = L g(x ) PX IY ( X I y) 
x 	 • 
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Total probability and expectation theorems 


• Al. ... , An : partiti on of r1 


PX(x) = L Py(y)pxlY(x l y) 

y 


• E[X] = p eA l ) E[X I A I] + ... + P (An) E[X I An] 


•E[X] = L py(y) E[X I Y = y ] 
y 

• 	 Fine print: 

Also valid when Y Is a discrete LV. that ranges over an infinite set, 

as long as EIiXIl < 00 
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Independence 


• of two events: peA n B) = peA) . P CB) peA I B) = p eA) 


• of a r .v. and an event: P(X = x and A) = P(X = x ) · peA), for all x
-

• of two r. v. 's : P ( X = x and Y = y ) = P(X = x ) · P(Y = y ) , for a l l x , y 
, -" • 

T),/'I'('lC/l); Fx (x.) PXy(x, y) =px(x)py(y) , for all x, y, 

rY1,(JI'.k) : Pv C,) 

x , Y, Z are independent if: 
•PXyz(x , y,z ) =px (x) py (y )pz ( z ), for al l x,y, z 
, , 
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Example: independence and conditional independence 
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• What if we condition on X < 2 and Y > 3 7
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Independence and expectations 


• 	 In general: E[g(X, Y)]7"= g(E[X],E[y] ) 
exQI(J{/.r5 crL(e 

• Exceptions: E[aX + b] = aE[X] + b 	 E[X + Y + Z] = E[X] + E[Y] + E[Z] 


If X, Yare independent: E[XY] = E[X]E[Y] 


g(X) and h(Y) are also independent: E[g(X)h(Y)] = E[g(X)] . E[h(Y)] 


tf	'b'(X/d] cr-?:./y) : '2: )' 

::; 'l2 '1/7 P '( (?::'7)"? 2 7 F (7<.) r (7)x 	 x"'., , "" .., 	 '( 

:~'lCfll(?<-):ZYf'Y(/) =E[X]E[Y.] 

'" 	 £7 I 

• 
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Independence and variances 

• Always true : var(aX) = a2va r (X) var(X + a) = var(X) 


• In genera l: var(X + y) ~ var(X) + var(Y) 

If X , Yare independent: var(X + Y) = var (X) + var(Y) 	 (5)1.1 .... " 
""" , E[xj-:.ff'!];o 

va.1(X+'() :E[C'ItY)1.] ::. E[X!.+ j.X'(-I y:t] S-[K'1j::. r;[l'] (;.['1) = 0 

o E[iC'l) t- t ,r:-[x'(J, .,.. £ ['(11 :: var-(",) t-VClI'('() 

• 	 Examples: 

- If X = Y: var(X + Y) = "0." t 2. X) :: L.j 110." (]f) 
- If X = - Y: var(X + Y) = \lCI"" ( 0) ::. 0 va y (""') 

- If X, Y independent: var(X - 3Y) = Va I' ()() t- var ( - 3 '1 ) " ... 0 va, (,) 
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Variance of the binomial 

• 	 X: binomial with parameters n, p 

- number of successes in n independent trials 

X i = 1 if i th trial is a success; 
(indicator variable)

Xi = 0 otherwise 

X=Xl+",+ X n 

var(x) VO r (X I) + ••
7; 

"'Yl. .Vetr (Xl) :: 
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The hat problem 

• 	 n people throw their hats in a box and then pick one at random 

All permutations equally likely I/M.! yeoyfe 

Equivalent to picking one hat at a time 2 
X= I 

• X: 	number of people who get their own hat ' L!l 
3 [1]_._.-1.1]),)

- Find [Xl . f:[i<,] .... ..... f [x .... ] =M,..;; ",8 
J.,~~.,=II
'3 	 i 1>.1, 	 if i selects own hat 


otherwise. 
 r" (k 	): P.o..f' ell 
Z k 1,/1<:) 

1< 

• 	 E[Xd = E[X, J "'1 (x, =- I): ' 
'" 
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The variance in the hat problem 

"">.~ 
• X: number of people who get their own hat 

')(,;01 

- Find var(X) X, ,,0 ::=!> X. " 0 

1, if i selects own hat
X 

. _ X=Xl+ X 2+···+ X n 	 .... (..,.,), ­
0 , otherwise. .... 	 ?!'- '>l 

~~ 

• var(X) = E[X2) - (E[X))2 ,. 2 - I ill 	 X2 = L X [ + L X iX j 
i 	 i,j:i :;kj · 

• E[Xt) = E[X,'] -;E'[x,] '" I/"rl. ;: IF!'..!.. -l- II< ('" -, ) • ~ • ,-l',...
""'\ 	 ..., ...... -, 

• 	 For i '" j : E[XiX j ) = f [X, X.] :: f (X, XZ :: I) ::: f ()(, ::: ') X.:: I) 

:: .r (X, " I) f (Xz " I I XI ~ J) -: ,:. • ..:. " 
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