LECTURE 16: Least mean squares (LMS) estimation

e minimize (conditional) mean squared error E[(@ —0)?2|X = m]
— solution: § =E[© | X = z]

— general estimation method
e Mathematical properties

e EXxample



LMS estimation in the absence of observations

e unknown ©; prior pg(#)

: fe(8)
— Interested in a point estimate ¢
— Nno observations available 1/6
— MAP rule: gmy 96["’.'9] .

— (Conditional) expectation: g =7

e Criterion: Mean Squared Error (MSE): E {(@ — 5)21

minimize mean squared error
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LMS estimation in the absence of observations

e | east mean squares formulation:

[minimize mean squared error (MSE), E [((‘—3 — @)2}: 0 = E[O] .]

N

£[07] - fogjé*él d.p;: -1E[O]+26=0

V@.‘L 9 9 (E'[@ 9]) s famd
/—m'“rhla-
Ve (6) whan §-E[6]

[- Optimal mean squared error: E [(@ — E[E—)])Q] = var(@)]




LMS estimation of © based on X

e unknown ©; prior pg(6) V&”{ (Q l?"-)

— interested in a point estimate 0

e observation X; model pxg(z|6)

— oObserve that X = x I

[minimize mean squared error (MSE), E [(@ - @)2}: f = E[O]

—

[minirnize conditional mean squared error, E [((—3 —0)% | X = ;z:}: f=E[O]| X = z] ]

e LMS estimate: § = E[© | X = z]

estimator: © = E[©]| X]



LMS estimation of © based on X < 'fﬂ ﬁq=?(ﬂc)
X - 6 =9(x)

e E[O] minimizes E{(@ — 5)2]

e[ (0-e[62)* ] « e[ (©-" | fou abl c

e E[©]|X = z] minimizes E[(@ —0)2|X = :r]

E[(@*E[Nz‘fﬂj)z}x:x}gg)j(g-?(ac))z))r:xj )("Z?ZM
[(0-€[01x1)" |x1 <[ (8-9(x)"|x]
E):(@”Efé’)x?)i] < E[(Q-ﬁ(ﬂ))ij

[ O ms = E[O] }g] minimizes E{(@—g(.}{))ﬂ, over all estimators © = g(X) ]




LMS performance evaluation

e LMS estimate: § = E[®| X = z]
estimator: © = E[©]| X]

— Expected performance, once we have a measurement:

MSE:E[(E—)—E[@|X=.T])2|X=$]:VEH”(@|X:$)

— EXxpected performance of the design:

MSE = E[(@ — E[© | X])z] — E[var(@ | X)}




LMS estimation of © based on X

e LMS relevant to estimation (not hypothesis testing) \

e Same as MAP if the posterior is unimodal and symmetric around the mean

— e.g., when posterior is normal (the case in “linear—normal”’ models)
L



Example

A Jo(d)
1/6
L 10 0
fxje(z | 0)
A
1/2
] -1 o041

}Q:@"'u- (_/{--MM.:-E(-‘,F)



Conditional mean squared error

fxje(z | 6)
A fe(0) +
1/2
1/6
i 4 ~ 10 _},9 T E—-l 6+ 1

o E[(©-E[O®]|X =2z])?| X = z]

— same as Var(©® | X = x): variance of
conditional distribution of ©
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LMS estimation with multiple observations or unknowns

e unknown ©; prior pg(0)

— interested in a point estimate 7]

e oObservations X = (X1, Xo,...,Xy); model pX|@(:r:\9)
— observe that X =z

— new universe: condition on X = o

e LMS estimate: E[© | X{=2z1,...,Xn = z,]

e If © is a vector, apply to each component separately

9:(@.,...,@M) éj:E[@j)X ;w,)...)xwz'xﬁ_]
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Some challenges in LMS estimation

"

foix(0|z) =

fx(@) = [ fo(@)fxjo(x | 8') o’

fo(0) fxje(z | 0) i

fx(z)

J

e Full correct model, fX[@(m | @), may not be available -«

e Can be hard to compute/implement/analyze
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Properties of the estimation error in LMS estimation

® Estimator:ézE[e|X] e Error: © =06 -0 Efé]:E[QJ
E[e]=0
[E[él){:x]:[]] g[@-@’X:%J:é_E[@}X:QZJzo

[cov(é,§)=0] E[éé\]_;—,‘i{ij/do
F[66)x=2]=0F[8]x=%]=0

”, 4

0=6-6

[var(e-) = var(©) + var(é)] .
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